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PEEFACE. 



The work before the reader is entirely new, not 
being in any sense a second edition of that which 
I pubhshed on the same subject in 1837. 

It consists of two books. In the first, I have 
endeavonred to give the student who has a competent 
knowledge of arithmetic and algebra — as much for 
instance as is contained in my works on those sub- 
jects, to which reference is made in various places — 
a view of trigonometry, as a branch of algebra 
and a constituent part of the foundation of the higher 
mathematics. In the second, I have given an ele- 
mentary view of algebra in its purely symbolic 
character, with the application of that geometrical 
basis of significance which affords explanation of 
every symbol. 

The term double algebra has not yet obtained cur- 
rency, though that of triple algehra has, of late years, 
been much employed. It means algebra in which 
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each symbol stands for an object of thought having 
two iJistinct and independent qualities : ji^t as the 
symbol of a straight line, to be perfect, must desig- 
nate both the length and direction of the line. I 
have not, after much thought, and some discussion, 
been able to fix on a better name of sufficient brevity. 
If, by the application of a somewhat startling adjec- 
tive to the word algebra, any of those who are still 
bewildered by an art in which impossible quaniities, 
or quantities which arc not quantities, are made 
objects of reasoning, should become aware that by 
slow degrees, and the union of many heads, the art 
has become a science, and the impossibilities possible, 
they, at least, will have no objection to the phrase. 



A. DE MORGAN. 



JJnwersiiy College, London, 
F(^. 10, 1849. 
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[ (.fiom t/tetop;),fiom the botta!a'\ 



")aftBr-j;-g 



[n the List which ibllowB the preface, lie printer hns omitted a 
la of intciTogation which followed ihe woril Flayfair. 
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BOOK I. 
TEIGONOMETEY. 



PKBLIMINART 

It ia proyed in the bUth book of Euclid that when sidts and 
diagonals are ghen, in nuraber enough to determine a rectilinear 
figure, angles depend solely upon the proportions of sides, and 
proportiotis of sides solely upon angles. If two angles of a triangle 
be given, all the rotioa of sides are given ; and, If the ratio of 
each of two sides to a third be given, all the angles are given. 
There is then a close eonnex.ion between angles, and ratios of 
lines: the branoh of mathematics in which this connexion is 
examined, suitable modes of espression invented, and results ob- 
tained and applied, is called tkigonometrt, taking its name 
from one of its earliest applications, the meusurement of triangles. 

Trigonometry contains llie Bcience of conUnuaUg undulating 
magnifvde; meaning magnitude which becomes alternately greater 
and less, without any termination to succession of increase and 
decrease. A function of x is continually undulating, when, as x 
increases continuously, say from to so , 0r never becomes per- 
manently increasing nor permanently diminishing, nor permanently 
approaching to a fixed limit. Ordinary algebra has no such func- 
tions in its finite forms; and though it has them in its infinite 
series, yet it cannot easily recognize and establish the undulating 
property. Trigonometry is the hranch of algebra in which undu- 
lating functions are considered. All trigonomettical functions 
are not undulating ; but it may be stated that in common algebra 
nothing but infinite series undulate: in trigonometry nothing but 
infinite series do not undulate. 

Trigonometry ia a hranch of algebra: neTertheless, it is usually 
founded on geometrical considerations. Tliis is not an absolute 
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2 ELEMENTAEY NOTIONS. 

jiettssity: but any other fouodation would walie it much more 
difficult for the beginner to understand. It will become eiident 
that another mode of eetahlishing the algebia of undulating 
quantities might have been chosen, in which no geometrical 
notion need ha\e been even alluded to. 

Of all undukitinff magnitudes, the most simple is the periodic, 
which exhibits a perpetual lecurrence of the same cycles of 
altpration. If, howeyer a iunetion may change while x changes 
from to a, the same changes take place while a- changes from 
a to 2a, from 2a to 3a, and so on, that function is periodic. 
The general property of such a function ia expressed by the 
equation rp (x i a) = ipx, true for all values of ^, and for one 
\alueof d, 01 fist tts multiples Por 0(j-l-o + a) <p(x -i- a) = <pa:, 
or (a; + 2a) = 0r Similarly (j~ + So) - 0j; , and so on. 

Consideration of angular magnitude must suggest periodic 
functions Let a straight line, fixed at one extremitj, ie\oIve 
about that extremity The total angle described may go on 
mcicioing lid tn^ntium the angle itseli is not a peiiodic mig 
nitude, though begmners are ipt tn think so But the duectioti 
indicated « periodic, though not a mignitude 

Ihere is no duection indicated duiing the second resolution, 
which **as not pieMOUsly indicated duiing the fiist Let a wheel 
turn on ^n hoiizontJ asle, by a Handle at the end of a spoke 
the angle turned thiough by the tpoke goes on incieasing as 
long as the wheel turns one way, but the height of the handle 
above the ground is a periodic magnitude, which goes through 
thes'irae cycle of changes m each and everj revolution Ceitain 
pciiodic functions, suggested bj the resolution of a stiaight line 
about a point, form the trigonometrical alphabet, as we shall see 

If we had now to invent a mode oi measming angles, the 
most convenient fiist method nould be to adept the whole reso- 
lution* at- a standard umt, thus the angle 467 would signily 

* ObaersL this consequenLC of the^erio!?(c ikoiastei of direction, 
that the angle his a uiut etpressibh m words without reference to 
other magnitude exhibited ' The anRle tlirough which a Ime revolves 
in iGgammg the direction with which it first Btarted," is i perfect 
description of a definite amount of angular magnitude. But no 
number of volumes could describe an. English foot, if drawing, and 
reference to length supposed capable of access, were both prohibited. 
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ELEMENTARY NOTIONS. 3 

467-1000"" of a revolution. This plan, has not been adopted: 
the usual method is to divide tie whole revolution into 360 equal 
paits, each of which is called a degree. Each degree is divided 
into 60 minales, each minute into 60 seconds; formerly each 
second was divided into 60 thirds, each third into 60 fourths, 
and so on. This sexagesimal mode of division was once applioci 
to all kinds of magnitude ; thus the sixtieth part of any length, 
time, weight, area, &c was called Us minute, the sixtieth part 
of the minute iU second, and so on. Nothing of this method 
remains to us, except in the divisions of a degree of angle, 
a degree of arc (the 360th part of the whole circumference of 
a circle), and the hour of time. Thus it would ha^e heen said 
that the circumference of a circle is very near to 3 8' 29" 44'" 
diameters, meaning 3 + ,*(,+ j^l^ + yjJJ^Tr of a diameter. 

Degrees, minutes, seconds, &c. are represented by "^ ' " '" &:c. 
But it must he noticed that thirds, Juarihs, &c are wholly 
obsolete, decimal fractions of the second being preferred. Thus 
18-47 33' -1174 indicates the following fraction of a whole 
rei olution. 



18 



47 



23 



60 >. 360 60 X 60 X 360 



1_ 

^ 60 K 60 A 



In this mode of measurement it is worth while to remember; — 
the right angle and its multiples, 90=, 180°, 270°, 360°; the half 
of a right angle and its multiples, 45°, 90°, 135°, 180°, 225", 
270°, 315°, 360°! and the third of a right angle and its multiph 
30°, 60°, 90°, 120°, 150°, 180°, SIO', 240°, 270°, 300°, 330°, 36< 
Also the thirds of the revolution, 120°, 240°, 36Cf ; and its fifths, 
72°, 144°, 216°, 288°, 860°, And 360 should be well known 
2'x3'x6, from which its separation into pwrs of factors, 2.180, 
3.120, 4.90, 5.72, 6 60, 8.45, 9.40, 10.36, 12 30, 15.24, ] 
wi!l be easily gathered. 

The above method of measurement may be called gradual 
(pronounced grade-ual). But it is not the only method in use 
There is another, which I shall call the areuul* method. To 
explain this method, it must first be shewn that circumferences 

• 1 have been, in the habit of styling this the theoretical method, 
as being used in the theory of the subject : but I shall now adopt 
the term used in the test. 
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2nx£D and 2nxCA are the 
circumferences of the iiiscribed 
and circumscribed regular poly- 
gons of n sides. These circum- 
ferences are as SD to C<i, or 
as OS to OC. Consequently, 
if the angle SO A be made 

small enough, or n great enough, the inscribed and circumscribed 
regular circumferences may be made as nearly equal as we please; 
and either, therefore, as near as we please to the circumference 
of the circle, which Ilea between them in magnitude. Now take 
another figure like the preceding, but constructed on a different 
radius OB', and with all its letters accented. We know then 
that the two inscribed regular circumfeienoes of n sides are to 
one another as O'S' to OB; and also the two circumscribed 
circumferences. Let P and P', C and C, Q and Q! be the 
circumferences of the inscribed polygons, the circles, and the 
circumscribed polygons. Then the order of magnitude is always 
P, C, Q and P, C, Q, and the ratios P : P and : Q' are always 
equal and constant (each being the ratio of the radii) while 
P and Q, and also P' and Q', can be made as nearly equal as 
we please. Hence it follows that C: O' is the same ratio as 
P:J" and Q : Q. Let P and Q be C-M and Ci-N; and 
let P and Q he C" - M' and O' + N'. Then M, N, M', N", 
may each he made as small as we please; and C~M: C'-M' 
being always one ratio (that of the radii), the limiting ratio C: 
can be no other (Algebra, p. 157), The same follows from the 
same use of the ratio C + N: C' + 2V". 

The circumference being C, and the radius M, it follows that 
the fraction C-^P is the same for all circles. It is always 
denoted by 2jr; that is, tt is always made to represent the fraction 
which expresses the ratio of the circumference to the diameter. 
An investigation of the value of w, such as we can herealter make. 
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ELEMENTARY NOTIONS. 5 

but of wh cli at piesent we Must assume the lesulf shewi that :t 
IS nearly --^ very much nearer to ffj and expressed as far as 
tnentj placti of decimals will do it by 3 1413e26535897<)323846 
Its leeiprocal i= to the same extent 3183098S61837<»b7I53 
I leave the student to demonstrate the follortuig rules, the con 
venience of which is the format on of lesults bj successive coi 
lections BO that the point at which, it is desirable to stop i' 
pointed out by the \alue of the collect ono 

To multiply by t first lake the multiplicand 3 times ai d 
one seventh of a t me deduct its SOOUi pait, the lOQii \aii of 
the last ind 2 millionth'! of the multiplicand Then add the 
bundled millionth of the miltiphcind, ind 7* pei cent of that 
bundled milhonth The lesult la as correct as if thuteen figuits 
had been used in the ordinary multiplication 

To divide by ir take aeien 22niis of the diudend one 8(iO(J' 
3 millionths and 7 hundred inilliontbs then deduct 2 thousand 
miUiontis and add the thousandth of the Kst The result is 
as correct as if thirteen decimals had been used in the oidinai) 
division 

Let theie he in angle ot wh oh the iic is s to the lad us t 
ind 8 to the ladius r the circumleiences he ng c and c Iher 
thi angle is ta foui light ingles (,Eue VI 33) as a to c aid 
as s to c Hci ce ' 2in s Itti »hence Or to 

given subtend ng ingle iics aie to one another as thei ladu 
Let theie be another angle haiing the aios 8 and k> to the 

ridu and i Then tl e ingles are as s and A or as and 

oi as - and - Fhit is anj two angLs being made central 

angles in iij two circles the fiactions obtained fiom — 5- aie 

proportionii to the two angles For instance the angle which 
has in aio d to the ndi is 17 is to the angle which has an aic 
11 to thi, ladms 8 as ^ to V 

From this theorem is derived the arcual mode of meisuiii , 
angles Let the mcval angular unit be that angle which subtendi 
an ire equal to the radius and let all othei angles be meisurLd 
bj the numbeis of arcual i iits 01 the liact ons of an arcudl 
unit which the) contiin Tien v,g ohill ha\e the foUowug 
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6 ELEMENTAUY NOTIONS. 

theorem ; The number of aroual units in any angle is the quotient 
of any arc which that angle subtends, divided by the radius. 
For if be the number of arcual units in the angle which 
subtends s to the radius r, we have (Euc. vi. 33), 



When we write the equation angle = —.-, we understand by 
' angle' an abbreviation of ' number of arcual units contained 
in the angle'. 

The number of arcual units in four right angles is circum- 
ference f radius, or 27rj in two right angles, ir; in one right 
angle, ^. Since 180 degrees make m arcual units, the arcual 

unit is — degrees, or 57°-295779513; it is also 3437-74677; 
and 206264"-806. It may be remembered, within the hundredth 
part of a second, as 57 degrees and three tenths, all but one- 
Jimrth of a minute and onejlfth of a second. This ia 57" 17' ■M:"-8. 
Thd ted dar rail th ft 

017453 ) I)0029088a2 d 00J00484ai37 f 1 un t. 

Th al tbgursulfnthd myg 

ally b n, d 1 U yl M t f ih ib m 

whi h I t t b II m telj tru f mall gl 

1 tni f gl as m 11 d g 

Th tud t m t b t t nf nd 2 wth 3bO 

h 180 is m Urn d by t Th t 

TT 3ro ti m t d 20 1 t 20 hU iff 

Whna 1 dddt360qal h calld 

d g f 1 th 1 f d vid 1 milly 

The radius ia 37° 47' 44"-8 of are. On a great circle of the earth 

(the equator for instance, or a meridian), the second of arc is 

about 100 feet. 
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CHAPTER 11. 

ON THE TRIGONOMETRICAL FUNCTIONS, AND ( 
ONE ANGLE, 

Let two straight lines be drawn at right aiigli 
let them be called axes, and their point of 
oriffin. Let any lino, OP, be draira from thi 



another ; 
O, the 
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vv 
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PN, PM be drawn perpendicular to the ases. In the rectangle 
MOPN, ON and OM are called prqjectiims of OP upon the axes. 
The projections of OP are also called coordinates of the point P; 
and the coordinates are distinguished by the names abscissa and 
ordinate. Usually, a projection and a parallel to the other pro- 
jection are employed, as ON, NP: and then the projection is 
generally named the abscissa of P, and the parallel to the other 
projection, th^ ordinals of P. And generally the abscissa is taken 
upon the axis drawn horizontal in the page, and the ordinate 
parallel to the vertical axis. The letter x usually designates an 
abscissa, j/ an ordinate ; and the axes are called the axes nf x 
and of y. 

A line terminating at 0, and indefinitely extended, revolves 
about 0, setting out from one side of the axis of x, OA. When 
it has described an angle 0, which may be of any magnitude, 
a distance r is taken off. This distance is always considered as 
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8 ON THE TRIGONOMETRICAL FUNCTIONS 

positive, when r is tiken off on the revolving line: and as nega- 
tive, if taken off on the opposite Bide. Thus, the acute angle 
POA heing 3&=, ne nny lefer OF to a line which makes Stf* 
with OA, and then we sai that OP is positive. But when we 
say that OP ie part of a line which makes 210° with OA, we call 

AgMn, one particular direction of revolution is considered as 
positive, the other as negative. If the arrows designate the posi- 
tive revolution, then OF, being positive, nialtes an. angle with OA, 
which may be called +30° or -330°; but if OF be negative, it 
makes an angle + 210° or - 150°. 

On the axes, each species of coordinate or projection has its 
proper algebraical sign. The starting-line of revolution is always 
taken as the positive side of the axis of x ; and the result of 4 90° 
of revolution as that of the axis of y. Thus OJV is positive, ON' 
is negative;* OJf is positive, OJ/' is negative. 

The axes divide the plane into four quarters : and as a line, 
revolving positively, passes from to 90^, from 90° to 180, from 
180° to 270°, and from 270° to 360°, it is said to he in the first, 
second, third, and fourth quarters of space. But these might 
equally well he designated as the ++, +-, — , and -+ quarters 
of space. 

In this system, + f , +-, — , -+, the first of each pair gives 
the succession + + - - ; and these are the signs of the y projections 
of lines in the four quarters : the projection on the axis of y of 
a line in the first quarter of space, is + ; in the second, + ; in the 
third, -; in the fourth, -. The second of each pair gives the 

succession + h; and those are the signs of the x projections 

of lines in the four quarters. The algebraical combination of each 
of the pairs gives the succession +- + -; and these ai'e the signs 



• "When the revolving line conies info the position. ON', is it 
negative ? I answer, no ; ON', as a projection, is considered as part 
of a line which makes an angle 0° with the stsrting-luie ; and, on 
a line so described, is negative. But ON', as a position of the line of 
revoluiion, is part of a line which makes 180° with the starting-liue ; 
and thus considered, it is positive. The same considerations apply 
to the other axis. A line may be considered as making with itself 
an angle 0° or an angle ISO": whatever signs its parts have in tlie 
first case, they have the opposite ones in the second. 
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AND ON FOitMULJE OF ONE ANGI,E. 9 

h ai hm p or quotienis deriyed from the two 

p of the four quarters. 

E ry hing h ce in the fir?t revolution is repeated 

b d d ed in an inyerted order in the first 

g all that depeods upon the direction in 

wh h ion terminates, an addition or suh- 

tr makes no difference whatever. But 

dp d the actual magnitude of tho angle 

h h tion by a whole revolution makes an 

ft d ff J uring arcuallj , 2inir + 6 may moat often 

b nf ddwhffh mis any integer, positive or negative ; 

but not alioays. 

The primary/ fi-igonomefrical functions of an aagle are the ratios 
of the projections to the revolving line, and to one another, direct 
and inverse ; these ratios are independent of the length of the 
revolving line. Let x, y, r be the values, inith their proper signs, 
of the abscissa, ordinate, and radius, or base, perpendicular, and 

hvpothenuse, ITie sis ratios ^ ^ S* ^ "■ "■ ^^^ e^pj, ^ 

r r X y X y 
name, the etymology of which cin ot be expla ned 1 11 we con e 
to exhibit the older definitions at j re e t ti e> mu t s and for 
arbitrary sounds. Let be tl angle Iv e ol ng 1 u^l wh ch 
r has gained its position. 
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coversed sine of 
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10 ON THE TRIGONOMETRICAL FUNCTIONS 

This table must be thoroughly learned. The terms base, per- 
pendicular, and hypothenuse, referring to the right-angled triangle 
in which the projections are sides does not mean that what Euclid 
would call an angle of that triangle is alw^js the angk m question 
It is 80 when d is less than a right angle oi when, the levohing 
line is in the first quarter. But m the second quartei is a 
sapplement' of Euchd's angle; in the third quartei it is an 
opponent; in the fouith quai-ter it ifl a c mphtion All this and 
many other things of which only 1 mts aie g Ten must he fixed 
in the mind by attentive coosideration. of all the phases of the 
figure of a line projected oii the axes no aixount of deicription 
mill supply the place of such consideiation 

It is important to remember that all the tnyonometj ical functions 
are purely abstract nainbers. They aie not angles nor linos any 
more than they are weights, or sums of monev Thej repiesent 
the firaetions which lines are of lines the ratus of lines to lines 
Thus, the cosine of 60° is f : one half of what = Answci one half 
of a ifme .- when the revolving line has described 60°, the projt.otion 
on. the axis of x is 0!!e half of the reioUmg hne, the last words 
in italics contain the assertion that cos 60° - ^ 

Thus the functions may be adiantageousli remembered h) 
their effect as muUipherx Tlie cosine and sine ma) be called 
piojectiny facturs multiplication by eo=fl turns t into jf? pro 
jection on the axis <^ r, multiplication by mnd turns » into its 
piojection on the asic of y The projections of t ■u-e rcosO and 
fsmfi The tangent and cotangent are tideiehangaig facUns, 
multiplication by tinS conceits the projection on J" into that on y, 
multiplication by cotO converts the projection on y into that on x. 

We may of course take a line which has as many linear units 
as a certain angle has of angular units, or as a sine or tangent has 

* The term supplement, has long been used to signify the defect 
from two right angles : thus fl and ir — 6 are eupplementa. By 
opponents, I mean angles made by opposite straight lines with one 
straight line, in the same direction of revolution ; thus 6 and tt + S 
are opponents. By compUtiona, I mean angles which together mate 
up a whole revolution : thus of fl and 2ir — each is the completiim of 
the other. Finally, the well-known term complement is arbitrarily 
used to denote the defect fi'om a right angle : thus 9 and |ir — 6 are 
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11 



of abstract units, and in this eenEi 
who can do it without confusion) ti 
equal, of of a line equal to the sini 
has curves constracted in this man 
functions. The origin is O the a 
is the angle the oidinate on on 



it may he permitted (to those 
talk of a line and angle being 
of an angle. The froniispieee 
er for each of the six principal 
.is of X is OA... : the abscissa 



3 the s 



, &c. The 



student ma^ when he has lead a little further, detect for himself 
the curve if sines, of losines, of tangents, of cotangents, of secants, 
of cosecants 

There are eight trigonometrical "fiinctions, of which two are 
absoluteij' defined by formulre; namely. 



rs0 = 1 - 



= 1-si 



Of the remaining six, we may predict that five independent 
equations exist among them; for one angle and one ratio of sides 
absolutely determine all the angles (and therefore all the ratios 
of sides) of a triangle, H'Sensueiwy fhnt given angle is a rigid 
angle or more. There aro easilj found more than five relationB; 
but not all independent. First, there are the relations nhich 
obviously and nece'^sarily follow Irom the algebrmcnl fnim of 
the definitions, independently of the meaning of the symbolfc. 
These are 



Of these only four are independent: the third and fourth make 
the fifth follow. Secondly, there are the relations which follow 
from the meaning of x, y, and r. The equation nf -{ f = r', 
which follows from the application of arithmetic to Euc. i. 47, 
gives 

f^YjsY.,, >4^T.f=;T, .45-(-T, 



of which one only is independent ; for 

M^cosijJ VcoseJ' 

The following collection of formulie, either proved abi 



+ sin^ = 1, g^ves 
'9 = seo'f, &c. 
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2 ON THE TRIGONOMETHICAL PITNCTIONS 

laily deduced, should be carefully r«meinbei'ed: 

coaS. secO = l, cos'S + sin'f = 1, tan6' = ^ 

sin0.cosec0=l, 1 + tan'0 = sec'e, coa( 

tanC. ooti*= 1, I + cofe = 



tanO 



ifwiiie=- 



The student should, as an exercise, express each function in 
tenns of all liie rest. 

I now proceed to the examination of several material points 
connected with the seyeral functions. 

1. Limiis of value. No cosine nor sine can faJI vnthovt the 
interval -1...+ 1: for neither x nor y can numerically exceed r. 
For the same reason, no secant nor cosecant can fall loithin the 
interval -1,..+ 1. But a tangent or cotangent may have any 
Talue, positive or negative. Versed and cover&ed sines always 
lie in the intetval 0...2, 

2. Su/tts. Let r be taken po£iti\ely. Then - and " have 
the signs of j; and p. Hence cos6 (and its reciprocal sec^) have 
their signs remtraliered hy the succession + — + : or the cosine 
h&h the sign + in the flist quarter, - in the second, &c. But 
siniJ (and its reciprocal eoseofl) have their signs remembered by 
the succession +4 — . And tan^ (and its reciprocal cote') have 
their signs remembered by the succession f - + - (page 8). 

The pair's of signs hy which the quarters are distinguished, 
state the signs of the sine and cosine, while the sign compounded 
of the other two, states that of the tangent. Thus, in the 
fourth, or - + quarter, the sine is negative, the cosine positive, 
and the tangent negative. 

It is also worth while to remember, that while all the three 
pairs are positive in the first quarter, each of the other quarters 
has only one positive pair belonging to it. 

Ill the first quarter, all are positive. 

In the second .... only the the sine and cosecant. 

In the third .... only the tangent and cotangent. 

In the fourth .... only the cosine and secant. 
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ThL whole system lemains consistent with, itself if negative 
values el r be mtroduccd, undei the defimtion'j in page 8. Take 
the figuie mpage 7 as an instance, and eij that OP is negative. 
Then, ON and JVP be ng po^itue the s ne and co'Jine aie 
negitiie Aid so thcj ought to be ior OP being negative 
must be cons dcred aa on a line in the thud q iirtti and 6 as 
betw n t 1 three right angles 

V d aid coieraed sines are always post ye 

3 I limS t nmaS ealues Tlese aie tl l laliea when 
th 1 ng 1 11 begins or e: ds a quarter of space and i& ou 

on f ih ax In eveiy such case one tf the proiections 

vam hes, d th ther is ol the same length (bit not alwajs 
of the same sign) aa the revolving Lne itaelt At fl - and 
B = ir,y vanishes at 6 ^w and = ^it x ianishes At 2r 
the values at f iie lepeated r\amination nill gne tie 
following table, which should be remernbered ; partly by the 
help of the connecting equations. 



Arcual Angle 





i^ 


n 


f^ 


1. 


Cosine 


1 





-1 





1 


Sine 





1 





-I 





Tangent 





a, 





oo 





Cotangunt 


=0 





o: 


li 


lO 


Secant 


1 


TO 


-1 


CO 


1 


Cc secant 


^ 


1 


^ 


-1 


_r, 


\ ersed sine 





1 


2 


1 





Coicrsedsne 


1 





1 


- 


1 



Gntdml ■irgh , 0^ 90° 180° i'O" | 380 
It IS 1 aidly nectsiary to say that all the tngonn metrical func- 
tions are poiiodio, and that 2??' is m ciery case the angular 
extent of one penod or of a nuraboi of periods In every case 
i^- Ji;^ + 2!r), Piepresenlmgapnmaij trigonometneal function. 
The peiiod of the sine and oosine ib Stt ot the tangent, w I now 
pioceed to examine circumstances connected with this periodic 
character 

The coatne is wl at is called an even funcijim of 6 that is, 
it does not change at all when B is changed into or cos(-6) 
= cosC But the aint is what is called an odd fundion ■ that if, 
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ON THE TRIGONOMETRICAL FUNCTIONS 



it changes sign when is changed into - 6; or sin(- 0) = - siaO. 
Let two equal lines revolve, one positively and one negatively; 
it is cleM from the elementa of geometry, that whatever equal 
angles they may have described, the projections on x are the 
same, identically, and the projeotionE on y differ in sign only. 
Hence, a: -i- r h the same for both; and y ^ r is not, but the 
differeDce is in sign only. 

The tarsffent is an oiM function ; for fan(- 9) = 8in{- B) f cos (- 0) 
- - s\n6 ~ cohC = - tanA The cotangent is also an odd function. 
The secant and veiled sine are even functions the cosecant 
IS odd the coicrsed sine is neithei The terms even and odd as 
applied to functions in general aie suggested by the pioperties 
of thi, eten and odd poners 

II 6 and the length of the reiobing line be ng ^nen we 
foim a new ingle thus one or more light angle; + S it will 
reidilj be seen that the right angled tiiangle made bj the re 
volving Ime w m all cases the same in foim and magnitude 
But two -sTiiations of position occur sometimes the jroiections 
d ffei m sign fiom those of the onginal tiiangle sometimes 
they change lame the line which was x becoming y and vice 
le a Ai cxim nitnn of all tl e cases will piesent the loUowing 
tabk — 



-y c 



(iTT B) 


sine s 


n(i 


(Jx + P) 


sne 


^ii 


(,r-e) = 


coafl, 


in(^ 


(TT+e) ^ 


-cose, 


sin(T 


(fTT-e) = 


-sinO, 


sin( 


04 6) = 


sine. 


SLn(5 


(27r-e) = 


cose, 


m(2 



i7r4e) cose tin{ix+9) 
r-e) =sine, tan(i7--e) =-tan9, 
T+e) =-sine, tan{7r+e) = t 
57r-fl)=-cose,tan(f7r-e)= i 
(f!7-+e)=-cose, tan(Jn-+e)=-cote, 
(2?r-e)=-sinfl, tan{2w-9)=-tan0. 



These transformations, it must be observed, apply to all values 
of 6. For instance, let lie between f n- and 2!r; tlien ^ir - 9 
lies between - jr and - f w. Draw the figure accordingly, and 
it will appear that the x of either is the y of the other, loth in 
sign and magmtade. The formulie therefore are universally true : 
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but they may 1) 
a small angle, s 



best remembered by tte supposition that 6 h 
that iir -6 is in the first right angle, ^ir i t 






) Til 1 fi 1 g hi h th 



1 



dl tl 



the angle. For example, let it be required to simplify tan(|5r + B). 
There is an odd number of right angles; f jt + ^ ia in the fourth 
right anglej when 6 <'^'7r: in the fourth right angle the tangent 
is negative; accordingly, tan(^-!r + S) = - cotf. But in trans- 
forming cot(7r - 0), we see an even number of right angles, and 
an angle in tbu second right angle; accordingly, co\.{Tr--B) = -aoiQ. 

The following cases are so important that they should be 
remembered apart; — 

The functions of complements are co-functions, 

Bin(iir - e) = coed, cos (i^r -6) = sin 6, 

Supplements have the same sine, sin(B- -6)- sinS. 

Opponents have the same tangent, tan(7r + fi) = tanS, 

Completions have the same cosine, cos(2?7- ~ ff) = cosf, 

sin(^Tr-(-i9)= cos^, lan(x^(?) = -tana 
All the angles which have the same sine as 9 are included in 
the formulje ^mir + 6, and (2m + 1) )r - S : all which have the 
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the functions are reciprocals. Thus, 

cose = ± V(l - Bin'C), t&ae = ± -/(I " cos''') - cose, &c. 

When one function ia found, all the others can he found. 
And by very ordinary geometry we can contrive to express the 
functions of 15", IS-', 30^, 45°, 6(F, 72°, 73°. Of these I shall 
deduce some, and. arrange the whole in a table, of which I 
leave the student to fill up the demonstration. 

(45°). This angle has equal projections, or tan. 45° = 1. 

{30°, 60°). If u, a, c be the sides of an isosceles triangle, 
and 29 its vertical angle, then c = 2a sinO. Let the triangle be 
equilateral; then o= 2a sin 30°; orsiii30° = J. And this is cob60° 

(18°, 72°). By Euo. IV, 10, it appears that an isosceles triangle 
having 36° for its vertical angle has for its base the greater 
segment of the side, as determined in ii. 11. If then « be the 
side, and e the base, we have a(a - c) = c', or 2e = {'/5-l)a. 
Hence, 8inl8° (or eos72°) = 1^5 - 1). 

(15°, 75°). Take a right-angled triangle having an angle of 30°, 
an hypothenuse 2, and therefore 1 for the side opposite and \/3 
for the side adjacent to that angle. Bisect the angle of 30°; the 
bisecting line divides 1 into segments which are as V^ to 2 : the 
smaller segment is then ^3 v (2 + V^), or V3{2 - V3). Of 2^3 - 3. 
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AND ON rORMUL^ OF ONE ANGLE. 
The bisecting line is therefore 

V(3 + 12 + 9-12v'3), or V12.-/(2 - -/S), or2V3.^ 
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the second of which is easily got from 1 - cos'S = sin'fl. It follows 
that the limit of tanfl -^ 0, as 6 diminishes without limit, is 1 x 1 
or I; while that of {\-mse)^e is Ox 1 or 0. As tf diminishes, 
then, sine* and tanf approach to 0, but 1 - cosS diminishes much 
more rapidly than 6. Any number being named, however great, 
contains 1-cos^ more than that number of times, before S 
becomes nothing. When is -0872665 (5= of gradual measure), 
6 contains 1 - cos^ more than 20 times. 
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ON THE TRIGONOMETRICAL FUNCTIONS 



It is important to obscrre that 
- for its limit, when d diminishea wi 



itliout limit. Also tiiat n 



has the limit B, when n increaBee w 

We have seen that tan6' and &ec6 both become infinite when 
e = i7r. Now 



consequently, as 6 approaches ^w, the difference of tanC and 
sec9 diminishes without limit Shew in a similar way that 
cosce^-cote diminishes without limit, with 0. 

Again, 1 - cos^= ^^ (= j^ nearly, when 6 is smaU). 

Hence, when is email, cos£':=l-ie' neaily. This, and sin e = e, 
are equations which are near enough to truth for most purposes 
of calculation, when is small. 

I now give an account of the method of defining the tri- 
gonometrical terms which was,* until very lately, universal. 

A ^ven straight line, called the raditts, revolves from a starting- 
line OA, as in our definitions ; but it must be of the same lenglh 
for all angles, which need not be the ease in ours. The are de- 
scribed by the revolving extremity generally (though not always) 
takes the place of the angle. ■]■ Then BMvia^ called the smeof the 
arc AB (aimts, hoiom, the literal translation of an Arabic word; 
if SAB" represent a bow (arcus), half of the string BB" comes 
against the breast of the aicher). And OM is the cosine of AB : 
this word is an abbreviation of pine of the complement, or com- 
pkment-al sine; it was long before OM was considered as any- 
thing bnt the sine of anothei arc, BA: And A3I (once the 
doffitia, as occupying the place of the tirrotB) was the iei«ed mne 
(or turned sine) of the arc AB. And A'Z should haie been 
called the cot'ersed-sim, as bemg the versed sine of the comple- 
ment ; but this term is only a recent invention for the completion 

* But not fcom all tinie ; for Rheticus, who gave the first 
complete trigonometrical table, and invented the secant 
to complete it, used the method of ratios, 

t By constant attention to the arc of a circle, f 
liave become unable to think of angle as a maffniiude. 
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AND ON FORMULAE OF ONE ANGLE. J 9 

of the system. Draw a tangent at A, and at A' ; aad produce 




OB i mM lleui u rml J 11 ™ IT wis called the fef^tii 
(as being drawn on the tangent) of iB and 4. i tht taigeat 
of the complement was called the cotangent of AB Lastlj 
OT Mas called the eeiani of -IB as being on a line which cuts 
the circle and OV the cosecant 

All these definitions are Ihui. connected with ours the irld 
Imeur fanctton divided by Iht iiidius in everj cast gnes. the 
modem nummtcalfut ftj t 

Denote the linear function bj the «oid commencing with i 
capital lettei and let OB r^lSOi-O Thenweha-ve 
MB 






OB ~ 

OM Cos AB 



tan0 = 



OA" 



OM AT Cot AB 



AM VersAB 



_ OB _ 0F_ ^ Co^eo AB 
~ MB ~ OA'" r "' 



Covers C = 1 



MS _ AL _ Coyers^ii 
~0B "OB' r " ■ 



Speaking but of ultiimte eilcuKuon, the old system la iden 
tical with the new one, if we onlj make ) 1, oi take the linear 
unit foi a ladiu' But theie alwijs lemaina this essential dis 
tmction, thit the function of the old sjs tm is always a line, 
that of the new one a nwithtt In the old ajstem the sine ol 
the 0!* of 30^ IS kal/ a radiue, whether that ladiua be uied as 
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20 ON THE TRIGONOMETRICAL ITrNCTIONS, &a. 

the measuunft unit' or not. In the modem system, the sine of 
the unr/li, of 30^ is the fraction which half a radius is of the 
whole madias 

If we substitute m our formiilEe the equiTOlents of tlie old 
Hj-stem, we haie such equations as 

= 1, or Sm AB ■ Coseo AB = r , 

— -^ — + — -J — = 1, or Cos' AB + Sin' AB = r , &c. 

If it be oceasionallv desirible to reier to the old 'Jjstem, it 
may be done without confusion by speaking of the tJnet,, lic 
of arcs ot the linear unes, &.c of angles 

The area of the circle is thu' iound In'orihing the poljgou 
of n "ides, and 6 hem); the 2»'li part of a revolution, or - , we 
haie for eaeh of the « tmngles, the area ir cos9 2» sin5, and 
for the whole polygon nr" oosfi sinS, or >' eos - ?► sin When 

» increases without limit, the limit of this is tj*, which is the 
•uea ol the whole circle The sector which has the angle 0, 
being to the nhDle cmle as to ir- is y 



• Tiigononietrj might be dLfuied ai thit put of the appUi-ition 
of Algebra to Geometry which is siiifependen; of hnear meastere, 
since ritioB are independent ut the units in which their terms are 
arithmetically expressed One disid^ ■uitage of the old system is. 
That it k-Ltps tlin indLpcn hnio of linear meisuic out of Tit w 
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CHAPTER III. 



fobmolj: whicu in\olvg two ok more anoles. 

It will be desuable to gam a more extended notion of the 
projections of a line If any line AS, be taken aa belon^ng 
to aa indefinite Imo on n hioh b ^ is recognized, a careful dis- 
tinction must be diawn between iB and BA: one is positive 
and the other is negatne Thui p 7. NO is not jr, but OA", 
which IS there poaiti i. w h e A O is negatii e. If we attend 
to tills wo shall find thit howe\ei i, B, C, may be distributed 
on a stri ^ht line 

AC=AB^BC=AB-CS^Sa-BA; AB + BC+ CA = 0; 



Thus AC:=-\-2, AB = 'r1, BC=-o, and + 2 = + 7 + (-5). 

Nest, t fe m b J* w h d 

tingidshed rah gm bQwhP 9h 

otiier is - ur 2 f T d 

let us supp h h ndbPwhQdted 

hyP^Qwp dmti tin jas 

statting-lin d h by p 

cording aawwn pti gti ang h 

direction oPBiuQPwp dm d 

reefionofP fh Q A ta ra hi h 

P'^Q-f Q'^P is Stt, 0, or - Btt, 

according as we take the positive angles in both cases, or one 
positive and one negative, or both negative. 

When neither end of a line is at the origin, the projections 
are determined by drawing perpendiculars from both ends of 
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22 FOBMULX WHICH TNVOLTE 

the line. Thua AA' haa NN' and MM' for projec 




AA has N-N and i 

The projeetioiia of the line r, making tlie angle with the 
axis of X, are always r cosS and r »md. Take the preceding 
figure, and first let AA' be +. If be the angle it makes with 
the axis of x, that angle belongs to the 4 - quarter : r sinS is, 
as to siga, + X +, and is positive; and so is MM'. But r coi& 
h + X-, or negafiyo; and so is NN'. But if AA' he negative, 
the angle (the opposite side being now used, as in p. 8) is 
of thc-+ quarter; and r sm9 is - x -, or +, as before; while 
r COS0 is - X +, or -, as before. 

In the language of Eaclid, equal and parallel lines have equal 
projections. But vie must say, equal and parallel lines, estimated 
in the same directions, have equal projections. Thus AA' and £B 
have equal projections; and so have ^'^ and ^S : but^'^and 
SS' have only projections equal in length, and differing in sign. 

If any points, as A, S, C, D, he taken, the projeetion of AD 
h the algebraical sum of those of AB, BC, and CB. 



These projections, taking the 
and, by what precedes, 
PS=PB+R8=PQ^QR-yRS. 
The only queslion now is this, 
do PS, PQ, QE, MS, always 
represent the projections, in 
what manner soever the lines 
^i),&c. take signs? And the 
answer is in the afflrniative. 



PS, PQ, QR, MS 
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TWO OE MOKJi ANGLES. 






by a compensating 
angle, in that the pli 
magnitude, so long 
and magnitude 

Kow let the aws 



Illation in the moJt of estimating the 
ection lemains umltered both in sign md 
! the Ime remains unalteied in direitim 

evolve thlougn the angle 0, gning a pair 




of itcoiiiJ I) y a\.ei, md let a ie\ohing hne, 'it'irting ticm the 
poiltiie aide of the seconder) a-s.is e, resolve thiough j turthec 
angle 6, haling thus revolved thiough <j) + tiom the original 
starting line In the diagiam, is about 2} light angles, ■ind 
6 13 neailj three light angles more, or, il you please, a little 
more than a nght angle negatively The piojeetions of OP on 
the primary axes are r cos (0 + 0) and j-sm{0 + 6|, on the se 
condary a'^es, > coa0 and rsm.0, and_these last pr0)pctions, OA, 
and NP or OM, moke anglci with the piimary ■ixis of x nhich, 
estimated by oui rules, are and + J-x, for the revohmg aiis 
of y 13 alwajs a nght angle in advance of the axis of x. It then 
■we project the secondary projections on the primary axes, we have 
Projections of OiV are r co&O ,aos(J) and rcos^.sin^. 

Projections of JVP are r sin 
Looting at the projectior 
Projection of OP = Projectii 
roos{0 + (»)= r< 



5H0 + (?) = 



.cos(0 + i7r) and rsinG.sin(04i9r; 
on the primary axis of x, we have 
1 of 0A'+ Projection of iVP, 
s9 CO30 + r sinii.cos (0 + ^ir), 
secos0+sine|cos(0H^)or-sin0 
I - £in0 sine. 
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POEMtTL^ WHICH INVOLVE 



Looking at the 


project! 


ons on the primary axis ot j/, we have 


Projection of OP 


= Projection of OJV + 


Projection of iV^P, 


rBin(0 + G), 




rcosOsin0 + 


r%m0^{^ + i^), 


am(0 + B) : 




COS 061110 + 


sin^{ein(0 + |n-) or cob0}, 


8in(0 + e) = 




sin0 cosO + 


cos0Eine. 


These forraulee 
instead of 0, and 


being universally 1 
then we have 


true, we might ivrite - & 


cos(0 


- 0) = cc 


.s0cos(-e)- 


-sm0sin(-e), 




= C( 


)S0coe0H.8in 


.0Bine, 


sm(0- 


- e) = si 


n0oos{-S)^ 


.cos0ain(-0), 




= ei 


n0oos0-co6 


:0ainA 


This foundatioi: 
be stated thus, 


I of all the ulterior ] 


[lart of trigonometry, may 


cos 


(0 ± 0) ■ 


= cos0cose + 


sin sin i*, 




0+0) 


sm0eo3& + 


co?0 'UnO 


Ihe foiraiiltr aie not independent 
tains ail This has partially appealed 


but iny one rcallv con 
lo shew It conipleteh, 



obserxe thit the opcriiitn= connected with pio]tLtion on the 
axis ot J/ are piecisely the same a' thost connected with the 
axis of V If we adopt the a-?is of j/ is a staitmg Lne, and 
pieseive the positive direction of resolution unaltered, we maj 
reckon angles from the i^is of v, and we cosines m detemtimng 
the piojectwns, provided that everj line which makes an angle 
fi with the asis of x, be considered as making /l- {tt, or ^ + ^ n-, 
whichever we please, with the axis of y. If then we want to 
apply the formula 

to angles measured from y, we must alter 0, which is measured 
from X, into - \'!r. This gives 

cos(0+e-i^)[orcos|J:r-(0+e)j] = cos(0-^x)cos0-sin(0-i^)sina, 
or ain(0 4 0) = Bin0cosfi + CO80 sinC. 

The demonstration above given is universal; but it can only 
be convincing to those who enable themselves to understand, 
in the most general eense, the preliminary theorems. Any want 
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TWO OR MORE ANGLES. 



25 



of upli misteiy o\ei the umursnl character of thenienii ii 
proji-cticn mil foEow iho student through ill liis courie, poi 
ticulaily in the lugher geometry and m mectinies To bieak 
the difheully, it may bo ivoj1:h nhile to eiimme demonatrilions 
of particular case', so as to show whit minnei of mithmeticilli/ 
sepirate operadons ate algebiaicallj piesoiited in one bj tht 
preoedin^ proceea 

pVithin these hrackela hues are not afltcted Vj any hut 
speetjied sign thus AB when negatue is initten AL and 
no distinction 11 mide het^^een AB ind B 4. 




Let AOP = <l>, POQ = 0, both taken in the positive direction 
of revolution. In the second diagram ip is nearly two, and 
nearly three, right angles. Project OQ on OA and OP, &c. into 
OM, MQ and ON, NQ; project ON, NQ into OS, SN, and 
NM, MQ. In the first diagram, in which <p and ^ have positive 
sines 'and cosines (and MQN^ 0), we have 
OQ co&(_(p -i- e) = OM^ OS - 8M= OS - Itlf, 

= OJV^cos0-QJVBin0=OQcosflcos0-O!3sin(9sin0, 



Also OQsin(0 + 6) = QM= J(Jf + QJl = NS + Qli, 

= O2Vsin0+QJVcos0=OQ cos0 sin0H OQsint? cos0, 
sin (0 + f) = sin0 cos(? + oos0 sinft 
In the second diagram, RQN is not <p, but tt - 0. And first, 
OQcoB(0f ^-2!r)= OjW"= 0S+5Jf= OS + ItN 
= ONcosNOS-i- QNdnNQE 
^^OQcosQONcosNOS^^OQsmQOminNQR; 
cos(0 + e - 27r) = cos QONcosNOS + sin QON^nNQIt 



y Google 



26 



FOKMULiE WHICH INVOLVE 



cos QON= cog (^ ~ jr) = cos(jr - fl) = - cos (9, 
sin QOJV= sin (S - tt) = - sin (n- - 6*) = - sini?; 
COB N08 = cos (tt - 0) = - COS0 ; ain NQB = sin (;7 - 0) = 6in0, 
Whence eos (0 + e - 2i7-) = (- cosS) {- co30) -I- (- siniS) (sm0)i 
or cos{0 + t") = COS0 cose - sm0 einS. 
Again, 
OQ sin (0+^-29r)= QJf= QR - RM= QR - N8 
= QN cos NQR - NO sin NOS 
= OQ sin QOiV cos JVQ2i_0Q cos QON. sin iVOS, 
sin (0 + - 27r) = sin Q JV^ cos iV^Q JB - cos Q OJV. sin JVOS 
= {-sine)coB{:r-0)-(^cose)sinC^-0), 
or sin(0J-O) = sinf coB0 + coBesiii0. 
The student should repeat the same process on yarious cases,] 

Obserro that a complete proof of tte eases of cos (0 + ff) ^nd 
sin (0 + 6) is also one of cos (0 - 6) and sin (0 - 6), independently 
of the substitution of - fl for 6. For cos (0 - 0) is cos (0 + 27r - 6) . 
or cos0ooa(27r-&)-Mn0sin(2?r-f) or cos0 cose + sin0 sine. 
And similarly for sin (0 - 0). 

From the table in p. 17, verify the first row by aid of the 
third and fourth: find the sines and cosines of S^, 13°, 2T, 33-, 
48°, 63". From these the sines and cosines of all the multiples 
of 3° may be easily expressed. 

The only form of the preceding theorems which occurs among 
the fundamental equations is 

coB(e-f) = coa9.cos0 + sine.sine or 1 = cos'e + sin^C. 
A large collection of formulfe may be deduced, as follows : 
)a(0 + e)=cos0cosC-si 



>s(0 

n (0 + e; 



OS0 COS0 + sin0 s 
bi0cose + coB0a 
in0 oosO - COS0 s 

OS (0 4- ^) = 2 COS. 

as{0 + e)=2sin( 
in (0 - 0) = 2 sin^ 
in (0 - 0) = 2 GOBI 
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TWO OE MORE ANGLES. 



. co5(? - coa0 = E sin ^ . sin ^ . 

0-8m9 _ tan^(0-g) sm0 + sinfl _ + g 



1 ^ *„„ ,rt + fl» - ^'" ^^ ± ^* Bi"0 COS" + cos<^ sing 
15. •"»±«)-;5gTO)"oo.0oc»9T.m«>In»' 

divide numerator and. denominator by eos0 cos^, and 

, , „ tan0 + tanfl ^ , , „ taii0 - tanfl 
'""'^'''' l-t..01..8 - '"'»-"'■ l + t..j,l.n8 - 
which alao follow immediately from 14. 

■" --n39 = 2einScosfl, sinfl = 2 sin ^cos -. 

IS 20 = cos'0 - ain'0 = 2 oos'l? -1 = 1-2 sin'ft 
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28 POEMUL^ WHICH INVOLVE 

The following temarits may be made on these formulec. 
5, 6, 7, 8. Kemember these formulie thus; 
product of cosines = half cosine of difference + half cosine of sum, 
product of sines =lia]f cosine of difference -half cosine of sum, 

sin greater x cos less = half sine of sum + half sine of difference, 

sin less X cos greater - half sine of sum - half sine of difference. 
Tl rsal f m lie ai 1 jressed (the two last, at 

1 t) w th ir tl m tl 1 hm tat by which the one most 

t f tl t cal I tl may be seleet^d. Thus at 



■ft h h t bstitutes for multiplication of sines 

1 bj th f which much use was made before 

h t f 1 nt! m We can also resolve any product 

f un ■md Th 

6 (icos(i-e)-Jcos(5 + c)! 

,{ (6 ) (6 ))-^[cos(6 + c-a)+cos(S + c + o)} 

^i|cost6-c-o) + cos(6-e4a)-cos(6+c-o)~cos(6 + e+a)}. 
Or thus: cos«Bm6sinc = {iBin(i-a) + i-sin(i + o)jsinc 
= J{icos(&-«-c)-Jcos(6-o+c)} + i{Jco3(6+a-c)-icos(6+a+c)}, 
the same as before. 

9, 10, 11, 12. Bemember these formulte thus: 
Sum of sines = twice sine of half sum x cosine of half difference. 
Differenceof sines=twice cosine of half sumxsine of half liiVecf " diff. 
Sum of cosines = twice cosine of half sum x cosine of half diffi 
Difference of cosines=twice sine of half sum x sine olhaM inverted diff. 
Most write the formula 10 as 

But whichever way it is written, no one will ever be expert in 
the use of trigonometrical formulse until cos (a - b) and cos (6 - a) 
prevent the instantaneous notion of perfect identity of value and 
sign : while sin (a - i) and sin (B - o) equally suggest sameness 
of value with difference of sign. Again, it is frequently desirable, 

• Direct, read in the order of reference ; inverted, read in the 
contrary order. When tp, 0, are mentioned in that order, <p —6 
is the direct differeaee, e — ^ the inverted difference, 
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TWO OR MORE ANGLES. 



2& 
1 f 



ft b g th fl t f t 1 p 

q ti to fj th f tl ff t th 1 

dTlua tl f0d6'pd It 

thfitdh t tit Itt pdd 

tl d d B m b g fh t (5 0) I 

(0 0) th m Agijj t h g t0 dfl h 
th g fthflitd flC dlth dal 

(0 0) aid (_P e)h dff t g ip li 

ghly p t d th sil t m mb th p I 

ha iff fthfml£e9 12 d mak th d t 1 t 

by th h b t f t fj th ! d t us 

15. Two angles differ by a right angle; how are their tangents 
related? tf0 = e + ^, tan0=-cote, or l + tan0 tan^ = 0. This 
resviit, which is often wanted, is best remembered by the de- 
nominator in lo : if tan (0 - 6) be infinite, we must have 
I + tan0tane = O. 
Prove the following formula : 

in^ + tan0-tan0. tan^^. tanS 
tanY'-tanY- tanS-tanB tan0' 
from which it follows that the sum of the tangents of the three 
angle*" ot a triangle la equal to their pioduet Alio the following 
If fj bi the (.urn ot the tangents of a set of angles f, ( &ic 
the sunis ot the products of e^ery two e^erj three ^.e then 
the tangent of the sum of those angles is i^ t^-Y f^ divided 
by l-(, + ij This maj be'it be pioved by showing that if 

It be true for any number ol angles it remains true when one 
more angle is intioduced 

If there be any number of angla and it S be the yiodu 
of all their eosmcb and S the sum of all the pioducts which 
have foi factois the mne^ of n of them and the cosittes of all 
the lest then the sine of the sun of thost angles is A, ?, + &^ 
and the cosine of the sum la A,- S, + A^-... . 

Suppose this proposition true for any one number of angles, 
and let S„ S„ &c. have the above meaning. Introduce one more 
angle, haying a and 6 for its co:.ine and sine, and let T„ be 
now the product of all the cosines, and r„ the sum of the products 
in which n are sines and the rest cosines. Now it is clear that 



,n(04t + e) = - 
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30 FORMULA ■WHICH INVOLVE 

r, is S^a. Nest, 3', consietB, first, of all the terms which compose 
S„, each multiplied by b, and of those of S, each multiplied by a ; 
whence T, = SJ> + S,a. And T, has all die terms in S, each 
multiplied by 5, and all those in S, each multiplied by a ; whence 
T, = S,b^S,a. And thus we show that r^ = S^,i + S,„a. But if 
there be S angles in the first set, r^., is S^h, and 5^, does not 
exist. But the law of eonnexion Ti^^=S/^-\-Si,fi still esists if 
we suppose 5^,1 = 0. 

Now if the cosine and sine of the sum of the k angles be 
jSj-Si + iS.-... andSi-jSj + Sj-..., then, after introduction of the 
new angle, the cosine and sine of the sum of the i + 1 angles are 
(S^~S,+ S^- ...)«-(«, -Sj+S^-.. .) 6 or T, - T^+ T^ , 

If then the theorem be true for k angles, it k true for A + 1. 
But it is true for two angles ; for, and being those angles, 
5*5 is COS0 COS0, and iS, is sin0 cosO + eos0 sin^, and S, is 
sin0sin9, S, is 0, S^ is 0, &c. And cos(0 + C) is S.-S^+S,-..., 
while sin (0 + 0) is S,- S, + S^- ... . Hence the theorem is true 
for three angles, hence for four, &o. The beginner had better 
proceed in one or two cases thus r 

cos(0 + V" + «) 
= COS (0 + -V) cose - sin (0 + Y') sine 
= (cos0 cosY'-sin0 sinY^) cosf -(sin0 cosY' + oos0 sinY^) sinf 

-S,-S,+ (S.= 0)-(S, = 0)+ .... 

If there be n angles, the number of products having m sines 

is the number of distinct ways in which we can select m out 

of the n angles, or the number of eombinations of m out of n : 

denote this by m„; accordingly 

^ , , n-l n-2 n-m+1 
m„ stands tor n ■ ■■■ ■ ... ^ — . 

If all the angles be equal, and each of them be 0, each term of S,„ 
is c''^s"', where c means cosC and a means sin^. Accordingly, 
S„ becomes m„c"^'B"', and we now have 
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» th d 1 pm t f ( ) s o" + l„e"-'3 + 2„o"-^' + ... ; 

B tt f 11 g th m D lope (o + s)" by tie binomiai 

d ] t t g tl th dl terms, 1st, 3rd, ath, &c., and 

term 2 d 4th 6 h S. change the alternate signs 

lit d tl Ita Bn0 and ^nnff. Thus we 



cos 46 = c' - 6cV + s', ain ie = 4c's - 4ca'. 

The beginner should form some of these successively ; thus 
sin (39) = sin (26* + 6*) = sin 26* . c + cos 25 .s 

sin (49) = sin (30 + £*) = ain 39 . o + cos 39 . s 

= (Sc-s - s^) c + (c= - 3os=) s 
- 4c's - 4cs', and so on. 
The question of finding the sine or cosine of the w'l' part of 
an angle is now reduced to that of solving an equation of the ti* 
degree. For example, given the sine of an angle, 6, it is required 
to find the sine of its third part, Here 

X being the sine of the third part. Hence x is to be found from 
4k' - Sa; + 6 = 0. 

For example, if the angle be 30°, we liave to solve 
8j;' - e:t -h 1 = 0, 
which, by Horner's method, has -173648177867 for one of its roots, 
approximately! and this root is sin 10°. 

There are three roots to this equation, all real : but three 
distinct problems are attempted, ail soluble. For what we really 
ask, in the equation, is the sine of the third part of the angle 
whose sine is *. This last angle may be either 30=, 360°+ 30°, 

2 X 360° +30°, 3 ^< 360° + 30°, 4 x 360" + 30°, &c., or 180° - 30°, 

3 X 180° - 30°, 5 X 180° - 30°, &c. Look among the thirds of all 
these angles, and we find three angles having distinct sines, 10°, 
130", 250° i or 10°, 50', 2Q0°. And the three values of x are the 
sines of these three angles. 
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From the preceding theorem we can, and with tolerable eaae, 
exhibit the algebrMoal series which cosS and ainS are equivalent 
to. First, we must ascertain that, a: having a fixed value, (oos -1 

th dm h m as 

with hm Oh p 




Beginning then at cosa: the succession cosa (<^ob j (cos,] 
&c IB a succes>iion of mcreasing term'' of which no one exceeds 
unitj foi fcos j cannot exceed unit) unle.s co^ coild be 

theater thdc in ty Aecoid nglv the precediig terras severally 
appioach to some hmit let it be L 

Now tike the term wh d n aj represent any one ot the 
terms ilieadv found m cos 6 and smnS naraelj 

Let n$ z a J xel aujle but nevertheless i may be as gieat 
as we please pioyided be taken = a n And as » increases 
without hmit, 6 dimii lahes ^ thout limit Now take the term 
preceding di\ide it ly (coa^) and at the sime time multiply 
and divide it bj 6 71 times It then becomes 

e $ 9 (7i + lie 1^ (s \0Y 

' . . . & (cose) 
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+ l)e / tai)g \ 



When climmiBhes without limit, tMa, for every specific 



value of m, approaches without limit to s 



2'3'"m ' 2.3. 



Next, after diidding both equations in page 30 by o" or (cos -) , 

perform the preceding compensatory operations on the several 
ferine, and equate the limits of the sides of the equations 
(Algebra, page 157). We have tteii, 

T"^ "2^Z3A~"''' ^ '^ * ~ 2^ ''" 2.3.4.5 " ■" 
These series will bo found to be convergent (Algebra, page 186); 
and these equations themselves determine i. For if we make 
a = 0, the first gives oosO ~ L, or X = 1 : if we divide both sides 
of the second by z, and dim mi ah s without limit, remembering 
that sin; - s has the limit 1, we also And J = 1. 

Our results then are (s bm'nff an angle in arctial iinils), 

«"£*=" s* 
'^^"^ ~ 2 ^2131" 2.3.4.a.6 ^ 2.3.4.5.6.7.8 " 

■ _ __^ 8' g" Z" 

^'" * 2.3 "'" 2.3.4.5 2.3.4.5.6.7 2.3.4.5.6.7.8.9 ' 

in which we see yerifloation of the preceding assertions — that 
cos;; is an even funotion, and sin a an odd one— that sin a = j: 
and eoss = 1 - ^s", nearly, when k is small. 

The leadieiit mode of calculation from these series is by 
throwing them into the forms 

~"'-5{'-B{'-fi{'-a{'- 

-'°=-{'-b{'-o{'-^,{'-#»{'- 

where { indicates that the preceding multiplier is a factor of 
all that follows. 

Thus, the calculation of cosl (or 57°17'44"-8 in gradual units) 
is obtained to Iwelve decimal places (see the property of alter- 
nating series, Algebra, page 184) from 

0OSl=l--|l-~|l-— ^l-^^|l--j-^l-jy^^|l^— -|. 
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Turn 1 i- 13,14 into a decimal fraction of 13 places, aubtract 
it from unity, divide by 11.12, subtract from unity, &c., keeping 
13 places throughout; the final result may be depended on to 
13 places. 

Those who have mastery enough over algebraical diyision 
to divide the series for the sine by that for the cosine, will find 

ana - 2 + g ^^ + ^^^ + ^^^^ + , 

the law of the terms of which is too complicated for the beginner. 
Every one, however, should verify on the series, cos'a + sin'a = 1, 

I said (page 2) that we should soon make it very evident 
that a purely algebraical basis jaight have been made for tri- 
gonometry. If we had chosen to call the preceding functions 
of z, namely 



bj th n m f sine, and tangent of z, (and thefe reciprocals 

t ( d tangent), we might have investigated the 

p pe t f th es, and we should at last haiie arrived 

t 11 ur p di g formula of oonnesion ; but with much 
m dth It^ 

I t th verse problem, in which it is required to 

express cos°e and sin"0 by means of sines or cosines of 9, 26, SO, &c. 
First, let there be n angles a, 6, c, d, &c., and proceed as in 
page 28 with COBO cos6 cose. Thus we have 

co8«cosi = ^oos(«-i) + lcos(a + 5) 
cos<icos6cosc = icosCo-6-c) + icos(a-6 + c) + ico9(« + 6-c) 

+ icos(a + 6 + c), &c. 
The final divisor will be 2""', the final number of cosines 2""'; and, 
looking at the manner in which the angles enter, we shall aee the. 
inf 1' tf+±i++(?+ In every term 

h th f > 1 tt wh h w 11 t It th 1 f 

y dd tl It t g th d d d by wh h 

w H 1 tl wh 1 alt t d w h 11 th 1 2 f 
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all eqiial to one anothei and to 6, we shall bo able to subdivide 
ail the choicer furnished \n ± Q ± 8 ± 9 ± 6 ± ... (n terms) into the 
following. One case of nB, taking all +, and one case of - n0, 
taking all - : 1„ cases ol in - 2) fi, with one only taken negative 
(giving (n - 1) - 6), and as many with - (« - 2) B, taking one 
only positive : 2^ cases of (« - 4) B, taking two only -, and as many 
of _ (n _ 4) B, taking two only f ; and so on. But at the last step 
there will be a separation hetween the Dases of fi even andre odd. Ifn 
be even, say = 2*, there will be at last h„ cases of {(« - S) - A} 0, 
or Ofi, taking h - and k + ; the case of k taken + and k taken - 
not being distinct from tlie former. But if n be odd, say = 2A + 1 , 
then there are ^„ casee of {(n-S)-A)eorf, in which A are taken-; 
and as many of - B, in which k are taken +. Accordingly, cos a 
cos 6 cos c... being now cos-^, we have 
2''cos"e= [coB«0+ coB(-nO) + l„|cos(*i-2)e + cos-()i-2)0} 

+ 2„{cos(«-4)e + cos-(«-4)e) + 3„{cos{«-6)f + cos-(B-6)C) 

+ ... ending with S„ cosOS if n = 2S, and with 
ft„{cose + coB-e)ifB = 2S+]]. 
Collecting these, by help of cos (- a) = cos a, we hare, for a final 

oo8«e = 5;^|cosnO + «eoB(™-2)e + K^cos(n-4)eH. ...j 

on the condition that cosO0, when it occurs, is only to take half 
Ijie coefficient indicated by the general law. 
The beginner may proceed thus, 

= i(cos3e + 3cose) 
cos'f = i (cosac cose + 3 noie) = A (cos2e + COS40+ 3 + 3 cos2e) 
= i(co34e + 4coaSe + #cosO0), &c. 
Now let B be changed into ^tt - B, or cos"!! into siii''0. If wo 
examine cosjm --j4|, we begin by rejecting all the fours out 

of m, as indicative of complete revolutions i and the final form 
of this term depends on the remainder. Call 4S an even even- 
number, as it is the 2k'^ even number, 4i + 2 an odd even-number, 
being the {2k ^ly^ ; 4ft + 1 an odd odd-number, is it the (2k + ly^ 
odd number; and 4£ + 3 an even odd-number, being the 
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FORMULA WHICH INVOLVE, &c. 



{Sk + 2y\ Then, for even even-numbers, the above is + cosA ; 
for odd odd-numbers, +sm^; for odd even-numbers, -cos^; 
for even odd-numbers, -ain^. And m~2 is of the class of 
even numbers, or of odd numbers, of -which m is not, &e. We 
have then the four following formula;: 



«= M- 



:nd- 



.,(»-2)«t.^ 



Pr- 



neven odd Mn"e =- — |sinn9 -» sin(n-2)t) + n— 

Of these the beginner should construct insia; 
He may also try to prove the following theorems; 

.inM = ^ = tan(45<^+e)-tan(45°-g) 

cote + tan0 tan(45° + 6i)-i-tan(45°-6')' 

coa20 = \^ tane = cot0 - 2cot2e, 



(,-4)6-. 


(»-4)»-. 


s(»-4)6'-. 


.(,-4)0-. 


as before. 
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CHAPTER IV. 

ON THE INVEBSB TBIGOHOMBTBICAL FUNCTIONS. 

Wb may now consider oos0, &p. as functions of 0, and accord- 
ingly, 6 itaelf as a function of ooe9, or of sine, &p. If ^ = coae, 
then may bo described as ' an angle whose cosine is x.' The 
continental writfics denote this by angle (cosine = x), but in our 
country it is universally described by a symbol deriyed from a 
functional analogy. If 0s denote a function of ^, then {<j)x) 
is denoted hy i^x. 0(0'.r) by 0'j-, and bo on. On this notation 
0"'a; should denote the function on which performance of gives x, 
so that ^{ip'^x) = x, and (ff^x should denote that function which 
gives 0'(0'^ar) = x. Accordinftly, cosj; being considered as a func- 
tion of X, and the abbreyiated word cos as a functional symbol, 
C03"'3: should denote the function which satisfies co'j(cos 'x) = j 
Hence, cos i must stand for the angle (meaning any angle) whose 
cosine is x Similarly, em 'r, tan 'j:, Lc stand sevetally foi anj 
angle whose sine tangent, &c is a: 

The objection to this an'ilog^ is, that we do not pur'ue it 
We do not emploj sm'j; for the elite* of fhi sine of j, but foi 
&nx nj; ( n ) The answei is that we oti>/fti to follow 
h a alo^y and that we certamly should, if questions m which 
th ne of the ne o the sine of the sine ol the sine, vere 
BO frequ ntlj e ployed as to requue abbie^iation And when 
such q estions act ally occur, then tm'x should stand foi 
su { n(sna;)| and s nj! x sinir / siniK should bo denoted by 
(sina;)'; a foim which some wjiters piefer, la it is But as sines 
of sines, &( veiy rarely occur, it is not necessary to disturb 
established notation 

As above deflned, 0j and 'x are 'fthat ate eaUed inverse 
functions But when we talk, of the m\ erse function of <px, it 

' The student may flsi:. How can anj thuig but on an^le tave 
a sine! I answci thit is not an angle but the uwnbfi ol irtual 
units in an angle Every numier has a sme 
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is as when we talk of the square root of j:, knowing that ttere 
are two. Generally speaking, inverse fimotlons have more values 
than one ; in the case before us. au infinite number. For, let 
eos"':i; be 0, that is, let be an angle wHcli has a- for its cosine; 
then so has 2m7r ±6, m being any integer, positive or negative. 

Hence it always arises that though 00"'j - x, <p''ipx is not 
always x, but only has x for oue of its values. Thus (-i/xf is ce, 
but V(^) 's either iK or -j;, at pleasure, or else one or the other, 
9B dictated by the particular problem in hand, Similarly 

cos-'cosfi = 2m7r ± 0, tan-'tanS = m;r+ 0, 

sin-' sin = 2mjr + or (2m + 1) :r - 6*, cot"' cotiS = nm 4- 0, 
cos-'ain£*= 2ra5r±(^ - 0\, tan-'oot^ = njij- + ^-S, &c. 

This chapter is wholly on expression, and is intended to enable 
the student to under'Jtand the theorems hitherto demonstrated, 
when eipiesstd jn m\erse language AH that w wanted, then, 
IS a set of examples for consideration I shall gne two cases 
with full explanation, and then nnte down others to be coiitileici 
hs the studenL 

cos(2sm'r) 1 2^^ 

Thii 18 nothmg moie than cos2C = 1 2 sin's Let x be the 6ine 
of 0, th-it la, lot be an angle whose sine is x, iitA substitute 
Ihe foimula is to be understood is 'the cosme of double arty 









In all the formula; which have inverse functions for their terms, 
we have choice on one side and not on the other. In the formula 
4' K 9^ = 36' we are not at liberty to Bky that any square root 
of 4 multiplied by any square root of 9 is any square root of 36 ; 
but any square root of 4 multiplied by any square root of 9 is one 
of the square roots of 36. And by the above we mean that any 
angle whose tangent is x augmented by any angle whose tangent 
is y, is one of the angles whose tangent is {x -v y) -h {I - xy). 
It is proved thus : 



.n <(h^0) = ^--—, — ■ — - , -t e = tan ' — 

"■^ ' 1 -tan^.tane' ^ \\ 
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c + eis Mte of tlie angles, &c. Let tan0 = x, tanS = y, or let 
> = taii"'aT, 9 = tan"'y, and substitute. 

The student may now employ himself on the following ; 
ineoB-^ = V(l-n taiisec-':. = V(^-l), ain(2 sin"':.) = 2:^^(1- A 

fiin (3 mn->cc) = Sx-iu^, sin (4 ain-^) = (4x - 8:^) V(l - ^")- 



I3:) = J^^ , tan{3 tan-'a:) = ^ 



3x" 



taking acute angles, 

4 ~ '^ 



09-V = cos- {V(l - ^ - </= + xY) - ^}, 



= V^T2' 



., /3 - 4a:' 



„2,o,'U.3„,.. = i .-(^.3). ■ 

This is a chapter on language ; and some of the preceding 
esample'j are merely hard phrases to he construed from tiigono- 
metry into algebra. But such transformations ha^e an important 
use in calculation. If wc wanted to calculate the value of the 
last-named function of x when o: = 5'n61328, and had such 
trigonometrical tables as those of Hutton, hereafter described, 
it would be the easiest plan, beyond comparison, to proceed by 
the first side. That is, wo should find by the table the angle 
whose cotangent is 5'n61328, treble it, find the tangent of the 
trebled angle from the table, pass to the table of cosines with 
that tangent, find the angle to it, double that angle, and take 
the sine of the last. Thus sincos-a; is, with tables, easier than 
V(l - 3^), and sin 2 sin-'^c easier than 2^V(1 ' '''')■ 

The following are a few instances of reduction to mixed 
trigonometrical forros ; 

VK + i' - 2o5 cosC) = V{(« + *)' - 2o5 (I + cosC)) 
^ ,, /f, 4fl6cosHC-l , .. . _,(2./ab.cosiC\ 
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V(«' 4 6' - 2a6 cosC) = VIC" - 6)' -I- 2a6 (1 - 


cosC)) 




^(«-"V{'**FSf}='"-""" 


tan-' I--''- 


?2) 


V(o'' + 6') = nsectan-'-, V('''-*") 


■ -1* 




-h±-Jii'-iac) i,^,,y,^.^-M or 


-^in-«.-' 


iSVc 
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CHAPTER V. 

INTRODirCTIOtir OF THE UNEXPLAIHED SYMBOL V^l- 
If we look at the series for sinfl and cos^, of the form obtained 
in p. 33, we see that each term is one of those in e^ (Algebra, 
p. 225). "We easily deduce 

008^ + h m.nO =1 i-kO -— -Ic ■ — + 4- h ——, 

2 2.3 2.3.4 2.;i.4.5 

If there existed such a quantity ft, as would giye A*=-l, S'=-ft, 
ft'al, A* = S, &0., then cos0 + ft sinfl would be ^. Such a quan- 
tity there is not in Algebra, es hitherto considered : for i' = - 1 
is absurd. If, under pretence of satisfying this equation, we invent 
A = y- 1, and proceed to use it according to the laws which 
demonstrably govern our inteDigible symbols of positive and ne- 
gative quantity, we adopt the process of ell the algebraists, with 
a fair statement of what we are doing. A use, which ought to 
have been called experimental, of the symbol -J-l, under the name 
of an impossible quantity, shewed that, come how it might, the 
intelligible results (when aucli things occurred) of the experiment 
were always true, and otherwise demonstrable. I am now going 
to try some of these experiments ; the student may rest assured 
that (he new results of this chapter will, in the second book, 
be rendered demonstrative, upon a sj-stem which clearly defines 
■J-1; or he may doubt it; but he must not think they are 
demonstrated here, though they will have strong moral* evidence 
in their favour. By giving precedence to the use of -i/-!, under 
the above stipulation, the student will gain the advantage nf 
femiliarity with the language of double algebra, before he ap- 
proaches the difhcultiea. 

* It is almost impossible to discredit Woodhnuse's remark; — 
" Whether I have found a logic, by the rules of which operations 
with imaginary quantities are conducted, is not now the question : 
but surely this is evident, that since they lead to light conclusions, 
they must have a logic." 



y Google 



43 INTEOBUCTION OF 

Say that we suppose, from the above. 

The proceBses of algebra constantly lead to this result, and 
refuse every other; I mean those in which -J-l is assumed to 
be something which, though Unintelligible, is governed by the 
laira of algebra — a fellow-subject of the other symbols, with a mask 
over his features. For instanee, common multiplication will give 
(cosO+sin^.V-l)(eos04-sin0.V-l) = cos{0+O)-tsin(0 + i9).V-l- 
Let/C denotecose + sihi'.V-li then /Ox/0=/(e + 0), and 
(Algebra, p. 204) fO must be S^, where E is independent of 0. 
Accordingly, 

H^-l cosi*-! sinO , , 

-^ = — g- + -^-V-i. 

Diminish without limit, and (p. 17, and Algebra, p. 266) 

If e ' = coaS + einfi.^-1, universally, then 
e"*^'' = cosS - sin^. V-1, whence 

"">■ ''"'*/'" • ^'-'"i^"- 

Had these forms been intelligible, they would have been the 
proper algebraical definitions of the cosine and sine of &; and 
trigonometry would have been pure algebra in the ancient sense, 
and a very easy part of it. For assuming tanO to be sin^r cosO, 
and see5, cosec^, cotfi, it) be reciprocals of the otJiei' three, all 
the fbtmulse of trigonometry would have been proved by simple 
algebraical operation. For example, 
COS0 cost! = i (e*'-' + e'*"'"') (e" ''"' + e"'''-') 

= itco8(0 + e) + oos(0-e)i. 
Since e*'-' has this property, that a change of into nd raises 
it to the n^ power, we must have 

(co30 + sine V l)"-coan0 + BinnC V 1 
This IS QfHieHle Sloim e s Theorem The student, instead of 
referring to it, must lake pains to assoCiite eosS + sinfi.-/-! 
with the notion of a quantitj which is squaied, cubed, &o., by 
introducing a double tieble, 4lc angle ■^nd in like manner 
he mutt associate the notion nf recipiocaU with cos0 + smS . ■/-! 
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and cos(J-sin0 , -/-I, without being obliged to bring them back 
to e and e"*'"" . The following equalidn will assist: 
(coa6* + Bmi?.V-l) (cost*- siuG . V"') = cos'd + sin'e = 1. 

If TO be integer, the ftrst side has one value only, and also 
the second. But if n be fractional, as ^ai the first side has 
10 distinct values ; the second apparent!) only one. This intro- 
duces MS to a new consideration of the highest importance. 

We have been using an ajigle in two different waj'sr first, 
absolutely, as a magnitude, in the same manner as any other 
kind of magnitude ; secondly, as generated by a straight line 
revolving from a given atacting-line, and indicating the direction 
which the revolving line points out when, it has revolved throii^h 
the angle. As magnitudes, 6 and 9 i 2Tr arcual units of angle 
difier as much as 9 and 6 + 2jr feet, or gallons, or hours ; as 
indicators of direction, they yield no difference at all — they in- 
dicate the same diiection. 

If we begin with as indicating a direction (for which 
S+2>»!T would have done as well), and if F& be the solution 
of a problem in which is & given quantity, that problem is 
equally solved by J'(0 + 2mir), m being any integta- positive or 
negative. So many different values as we can give to F{0-¥ 2n!n-l, 
so many different solutions ; hut if F6 be another angle, used 
as an indicator of direction, then so many diflerent values as 
we can find for F^lf-^2m!^), no two of which differ by a posi- 
tive or negative multiple of 2jr, so many distinct answers are 
indicated. And all that we say of directions applies to the 
trigonometrical functions, which take value only from the direc- 
tion of the revolving line, and not at all from the number of 
revolutions by which it hat been attained. 

If e be an angle which indicates a direction, n9 can only 
indicate one direction, when « is integer. For, using 9 + 2mn- 
for 6, nd becomes nO + innm; and 2nm is an even integer. But 
if n be a commensurable arithmetical fraction, say " in its lowest 
terms, then n9 indicates g distinct directions, no more and no 

fewer. For nf6 + ^mir) or ~ 9 + — £ jt indicates the same di- 

3 3 
rection for any two values of m, m' and m", in wliieh - " £ 
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n (m m ) ^n integer positive oi iicgatue 

dA p are piime t) eatl othei 
this can only be nhen q diYidLS m in pCJitnel) or negiti\ph 
or when m and m difter by a multiple of q 
If then ne talte the following values of m namelj 
0, 1, 2, 3, ... (s-1), 
ivo get all that give really different directions! for every other 
nuraher, positive or negative, differs from one or another of these 
by a multiple of q. All the distinct directions , then, are indi- 
cated by one or another of the following angles, 

q q q q q q q q q 

'^cm if p and q be prime to one another (Arithmetic, Ap- 
pendix, p. 195), and if we divide^, 2/j, ... (g- l)i> severally by q, 
the remainders (»hich are all we need look to, since every unit 
in a quotient is 2jr in the angle), whatever order they may 
occur in, are 1, 2, 3, ...(j-l), each occurring once somewhere. 
Consequently, changing the order, we may say that all the di- 
rections which n (9 + 2m-rr) can indicate, arc those indicated by 

P-e, l9^l.2^, ^e + ?.2., ...^e + *^.2., 
q q g q q i q 

which may be expressed thus If j be the loweit denommator 
of n, all the dirtctions indicated b^ nd maj be derived from any 
one of them, bj successive advances of the j'h put of a revo- 
lution, each. 

In the last equation, written thus 

(cosf + sine . y-I> = cos - " f Hn^- . /-l. 

we see q different results on the second side; which are the 
q ambiguities of value we are taught by common algebra to 
g^ve to the first side. 

If cosa + smo.V-l be one of the values of (cos« + siii(^. V-1)". 
then cosn-sina.V-l is, by Himilar reasoning, one of the values 
of (cose - sine. V-l}"- If sine = 0, that is, if cosff be either 
+ 1 or -1, then coaetsine. ^/-l is the same as cose-sin(?.V-l> 
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or hotl a s ia.-/-l and cosa- aica. V'-l we values of both. 
Th ^ w 11 anal le us to arrange our sets with better perception 
of the r con ex on. 

I shaU now exhibit all the 12tli roots of +1, and all the 
l''th roots ol 1 For the first, = 0, for the second 6 = ^, (which 
gives ('an- tor a commencement), and on these angles we must 
make advances of one-twelfth of a revolution at each step, stopping 
when we have gained 12 distinct values for each. Gradual mea- 
it will here he moat convenient. 



The twelve twelfth roots of+ 1. 

cosO° + sinO°. ^-1 gives only one roof, + 1 itself 

coa30° ±sin30=. iZ-l i^/S + i -/-I 

cos6(P isineO''. V-1 i + ys.-J-l 

eosSO*' ±Bin90°. V-1 ±V-1 

008120= + sinl20°.v'-l - i ± W^-V-l 

coaiaClsiniar.V-l -JV3±i.-/-l 

coBl8(Pi sinl80°.V-l only one root, - 1. 

The iwehe twelfth roots i^f- 1. 

oob15° isinlS". -j-l gives - — ~— ±-^ — T"^ -V-' 

cos45° isin45°. V-1 -^V^ ±hJ^.\l-l 

.<,7S» ±.m75-. V-I V8^iV6 + V2.^_i 

o..lo5»±™iosv-l ^V^^VtV^v^i 

eosl35= ± sin]35V-l - iV2 + iVV^l 

c.,165.±.lnle5V-l -5«±V?±VB^.V-1. 

We have now found the twelfth roofa of any quantity, positive 
or negative. If a be any twelfth root of + 1, a </m, m being 
positive, is a twelfth root of m. For its twelfth power is o".m, 
or m. Similarly, if /3 be any twelfth root of - 1, fi'Vni is a 
twelfth root of -m. 

We may extend this further, as follows. Two given quan- 
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titles a, and b, cannot be cosine and sine to the same angle, 
unless a' + 6" = 1 : but they may be proportmiial to the sine 

and cosine of the same angle. For if a'' \h' = in', then — and — 

ate cosine and sine to the same angle, and the tangent of that 

angle is — . Hence we have a transformation of great importance, 

a4Sv'-l=VK+*')-(costan-'-+sintan-'-.V-l) = V'('''+*')^"" """' ' 

But this point i& to be remembered i tan"'3: has two values 
which mdicate different directions; and those Talues are oppo- 
nents , 6 bemg one, ^ + w is the other. Now 9 and 6 + ir have 
contrary sines and eosmes i sin(S+ !r)--Bin6', coe{t* + 7r) = - cosS, 
If we set out mth a gnen sign, say the positive one, for ■J(a' + 6*), 
and take the wrong angle, we shall end with - a - h^^J-l, instead 
of + o + 6V-I ■ ™e may set it right either by altering the angle, 
or using the other square root of a' + 6". But ss the positive 
root la generally used, the proper value of tan'' - may be re- 
membered as the angle whose cosine has the same sign as a. 
The following would be the most convenient anangement. One 
angle which has - ibr tangent has ita sipe of the same sign as a, 

and its cosine of the same sign as h ; the other has the sine 
of a different sign from a, and the cosine of a different sign 
from 6. Let the first be denoted by tan"' - , and the second 
by tan"' — . Thus we have 

Show now that one twelfth root of a + b'J-l is 

and that all the twelfth roots may bo found, either by successively 
increasing the angle by twelfths of a revolution, or by multiplying 
the above by all the twelfth roots of + 1. 
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Eeturning to our original notation, we tave 



■(- ^V^-1 = r(cosfl + . 



'-V-l) = re-"''-'. 

.S.y'-l, gives the 



The fundamental equation 
followingresults; e""'-'"' = l, ande'^""''" 1 If 

quantity, we have a = 6'°e" = ei<««2™""' If ti □ any ymb 1 a 
be a logarithm of a, which satisfies « c w ha e h gnt 
as we can take in this chapter to say that tl oduayartlmtal 
logarithm (which we shall still denot b) 1 g«) nly na 

of a class, all contained in log o + 2jf/I hhn may 

be any positive or negative integer. Let A d n t anj 1 a thm 
of a ; then we have \a = log a + 2m,7r-J 1 an 1 th u ual f m 
loga is one case of Xa, Here a was p t e 

Now - o = (- l).a = el="»'l°''-'.6'''8'' e B wh noe 

we may say that negative quantities ha 1 ga thnL. and that 

A (- o) = loga + (2m + l):rV-l i 
but still, as before, there is no arithmetical logarithm to a negative 
quantity ■ for m being integer 2nj + ] cannot vanish. 

Let the st dent no v si ow tl at n th s extension a y logarithm 
of a adde 1 to ny logarithm of 6 g ves oie of the logir thn s 
of oi &.C All our orhiary logir thmic relat ons lema n true 

th e se 8 n e 



we have all the system of logarithms exhibited in 
\ix + y^-\) = log)- + (^ + 2miry~l, 

= *log(^' + f) + (tan- ^ -^ 2«i7r) V-l. 
Here Sm^ is not necessary, unless we restrict tan~' * to be 
in tie first revolution ; otherwise, tan"' " (remembering the dis- 
tinction between it and tan"' — = J expresses every case by itself 

A still further extension of the notion of a logarithm may 
now be made. The base e is e * ""^ ' . If Ja represent the 
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most extensive logarithm of o, -which we can get from any 
such form of fi, it must be obtained (a being positive) thus ; 

_ logaj^2»^-l , _ logo + (2« i_l W-X . 

l+awiT-v'-r' -^^ "■•""" lT2mxV-i ' 
m and n being any positive or negative integers. Proceed in 
the same way with * t J'v'-l. ^nd. we hare 



1 + 2m7rV-l 

It thus appears that there is, to the base e, an infinite number 
of systems of logarithms, corresponding to the values of m, and 
an infinite number of logarithms in each system, corresponding 
to the value of n. 

Two logarithms of one quantity, taken out of different et/stems, 
cannot generally be found equal. If, m and m' being two integers, 
we form the equation {let p = + 27m, p' = 6 ^ 2?™'l 

logr+p</-l _ log r 4 pV- 1 

1 + 2mir V- 1 1 + 2mVv'- 1 ' 

clear it of fractions, and equate the possible and impossible terms, 

we get pn^ = p'm and 2mV log r + j> = 2mjr log r + y. Substitute 

in the second the value of p' from the first, and we get 

{27rm \ogr-p) (m' - m) = 0; 
either then m' = m, and the systems are the same, or 2jrTO log r^p 
and 25rm' log !■ = p' In ffteie eases a logarithm ot x -i- 1/ •/- 1 or 
r^'^, in each si item i^ log r, the arithmetical logaiithm of r. 
But, m and m bemg the indices of the basM, and n and «' those 
of the particular loganthma to those bases, this requires that r 
and 6 should he determined by 
+ 2^n e + 2-rn 
2irm 2irm' 



and log r = - 



so that, for two given systems, and two given values of n in those 
systems, there is one expression, and one only, which has the same 
logarithms in both. 
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In ordinary algebra it is said that negative quantities have none 
bill impossible logarithms. And this in tte face of the result that, 
■Js being a, fl is either + a or - o, so that - a has J for a logarithm. 
We can now show how these isolated cases of negative quantities 
with real logarithms arise. 

Let us solve the general question— What expressions have real 
logarithms, what are they, and in what systems ? The follow- 
ing equation is produced by multiplying both, terms of the fraction 
by I - amn-V-l, 

t(0 4 2»ir) g4-2>nr-2wirIogJ 



This is a real quantity only when 2Mwr log r = + 2nw, in which 
case Z(a^ + !/V-l) = log'"(l-l■^'"V)-^(l+^*V) = log»■, If tf = 5r, 
in which case y = and x is negative {x = re"''' = ^r) we have 

log(- r) = logr, whenever 2m7rlog»- = (3n + l)ir or?- = £ •"' ■ This 

p IS h n m gh h ticipated r for e^"*' has two 

n n g B it appears that instead of 

h m b ng h h b the base is b' "" ~ . The 

mp teiltitin hdffi y may be gathered froni the 

d b k 

E mignwto dm a equations, let n st^nd for 

e^'' orcosfl + sine.V-1- Wehavethen 

2 = cose + siu0.V-li s'' = cosm0 + sinn9.V-l. 

8"' = eos^ - sine. V- 1. 2"" = eosnO - sinB^. -/- 1, 

2 cosO = i + i!"', 2 cosjiO = s" + !i"", 

2 V- 1 . 3inf = 2 - """. 2V~ 1 . sinne = ^' - e"". 

These equations may almost be said to contain trigonometry. 

Completely estabUshed, they would furnish proof of all we have 

done: the deduction from them of our previous results must 

be inductive proof that, somehow or other, the use of •/- 1 does 

lead to true results. 

Bequired sirf0 in terms of functions of multiples of : 

»■»- (iivb)"i' -"'!■- svb I' -="''■'- "-I 

= - i{sia3e - 3 sine}, as in page 35. 
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_(o + eV-l)' + (c^sV-l)^ 



= c* - 6c^s' + s*, 89 in page 31. 
The student mnst take notice of the manner in which the action 
of-/- 1 supplies the place of the rule in page 31, 

We may now extend some of our rules. Eequireil sin''^ cos^f 
in functions of multiples of (5, That is, we have to find 

2'°-(v-ir ■ 

In the numerator, the descent of each deyeloped factor is by two 
dimensions in each term ; for 

(z-n'T is nT- l„a™-V' + 2^2"'-'s-^ - 

Nowifwemultiply Xa' + Xo*" '6 + Jfa'"V + .,. -h Piii*"' + QJ' by 
a - ft or hy o + 6, we have as results, 

(X-0)a**'+(X-ff)o*i+(Jf-i)<i^V+... + (Q-P)a5' +(0-0)6''*', 
(X40)«**' + (i,+JK-)a*6+(Jlf+i)a*"V + ... + (QhP)a6' + (0+0)5**'. 
The shortest way of doing this is by writing down the coefficients 
K, L, &c. in a row, and under them KjO, Lj£, &c. In this 
manner we may rapidly mate the multiphcations, and in either 
of two mutually veriflcatory ways ; hy coefficients from {z ~ s"')™, 
and successive multiplications hy z + e"', or hy coefficients from 
(z + »■')" aJid successive multiphcations hy z - ::"' As to the rest, 
the final divisoi mil ho 2 " ', for a 2 (and ,/ I if there) will he 
taken up m the recomersion of s™±» ' mto cosine or smo And 
if m he eien eien, ( ' l)" is I, and the leault is m cosines; 
if odd odd, It IS -J-l, and the result is in smes, if odd-even, 
it IS -1, and the result la ne mav saj, m negative cosines, the 
sign of eath term bemg chinged, if e\en odd, it is -■/- 1, and 
the result is in negative smcs And the conclusion begms with 
{m + n)0 and this angle diminishes hy 26 at each step But 
if s° occur, there is no term diitmct having a"*, so that the 2 just 
mentioned is not taken up m lorming cosOfl, ind must therefore 
be used m denotmg the coefficient , or onlj half the coofBcient in 
the leiult must be used As an mst-ince, I shill take ■unW cos°^, 
in «hicb if ne nork both i(a)s for Aerification ne shall pick up 
dunng the piocess. all th'it is winting fcr tnding sin 9 cos°S, 
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for any value of m not exceeding 5, anil sin'fl cos"0, for any value 
of n not exceeding 6. Tte conclusion which each step prepares 
ua for is written in abbreyiation at the commencement. 



c' 


1 + 6 + 15 + 20+15+ 6+ 1 


8 0' 


1 + 5+ 9+ 5- 5- 9- 5- 1 


s'o' 


1 + 4+ 4^ 4-10- 4+ 4+ 4 + 1 


b'c' 


1+3+ 0- 8- 6+ 6+ 8+ 0-3-1 


s'c' 


1 + 2- 3- 8+ 2 + 12+ 2- 8-3 + 2+1 


H'O' 


I+l- 5- 5 + 10 + 10-10-10 + 5 + 3-1-1 


s' 


1-5 + 10-10+ 5- 1 


b'o 


1-4+ 6+ 0- 5+ 4- 1 


b'c» 


1„3+ 1+5-5-1+3-1 


sV 


1-2- 2+ 6+ 0- 6+ 2+ 2-1 


s»o' 


1-1- 4+ 4+ 6- 6- 4+ 4 + 1-1 


s^e'' 


1 + 0- 5+ + 10+ 0-10+ + 5 + 0-1 


s^c« 


1 + 1- 5- 5 + 10 + 10-10-10 + 5 + 5-1-1 



Attending to the rest of the process, we have 
2'cos°6' = cos6e + 6cos4fl + 15e(W!204lO 



necOT°e= sin70 + 5si 



'eeos'e = c08lO£' + 2oos8(9 
>ecoB'e = Binlie+ Bin99 



+ 9sin30 + 5sine 

- 4cos40 + 4eoB2e+ 5 

+ 8sin3e+ 6sin(? 
e(?-8cos4^+ 2eoB2&+6 
TO-esinSe + lOsmSe+lOsinfl 



sin'C =ain5£' -5sin30 + lO3in0 

3in'>eco8e = s!n6C -4sin46'+5ain2£' 
sin'i'cos'0 = Bin7e -3fiin5i9+ sin36'+SBi 
Bin^eos=^=sin8e -2sin66'-2sin46' + 6Bi 
Bin>Scos'e = 9in9e - sia7e-4Bin50 + 4si 
Bin'9 coB'e = sin 100 - 6 sia6(? 



J1110 + 



ii7e-53in56' + 10Bi 



+ 10sin^ 



Let Oj + a,a: + Oi3:° + ... be a converging series, if extending 
ad ii^nitum (which it need not here do), and let it be the 
development of a known function of a:, <j)x. It is required to iind 

Multiplied by 2, with s" + e"" written for 2 cos nd in the aeverai 
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eases, it obyiouslj lieoomes <l){xz) + 0{ii:K"'). It is tten 

which can be reduced to a real form. Similarly 
«„ sin 09 + u,x sine + a^' sin2G + ... is (0(ja) - 0(^!!"')} ^ 2^'- I. 
Before proceeding to some examples, it will be worth while 
(seeing before us a field of such extent as the appljing the 
summation of any algebraical series to the summation of one 
in which the terms ara severally multiplied by the sine or cosine 
of the multiple of an angle), to consider the tianaformation of 
0(x.)and0(a:.-). 

Let there he a function of /« which, if -Ja had only one value, 
would itself have only one value. This restriction of value may 
be, if we please, conventional ; for iastance, sin^'fi , •/a is such 
a function, if we BupposB ourselves restricted to one value of 
sink's. If, then, F(\/a) can be thrown into the form P + Q. Vi 
where P and Q are wholly unaffected by the change of V" into 
-Va. Fir-Ja) must be -P-Q.V«. 

Now it 18 a proposition to be carefully remembered, that any 
function of x-vy-J-Ti, ^ + y'i/-l| &e.i can always be reduced to 
the form P ■vQ'^-l, in which P and Q are wholly independent 
of V-li o'' 3''® '88^ quantities. In the second book I «hall 
show this independently of all particular cases; at present we 
muat be content with induction. The proposition is clear enough 
of sums, differences, and products, however varied; and also when 



division ( 


enters, if w 


le look at its reduction to multiplication by 




1 

x-i-yj-. 


x-y^-\ X y 


. V-1- 


As to 


powers, 


we can thus reduce the form ( 


a^+j/V-ir'""'; 


for in this we see 


(re"'-')^*^'-', or 






gaoB-fv- 


■Hptfi-'-'t oj. ^\og'-q«'i.i\os"Te)-< 


'-', or 


e^iog' 


■'"eosCsl 


cs.+j,0)4-^"*'-'%in(3log/+i.O).v'-li 


for £'*-'■ 


"' we have e' cos y + s' sm y.-J-l; for 


log (^ + 2,^-1) 


we have 








log(*+j/V-l)=log{V(^+y')6'""'"''"'''j=^log(^'+y')+tan-|.V-l- 


If we 


extend o 


ur notion of cosine and sine, 


taking the ex- 


ponenldel 


forms in 


p. 42 as definitions, we have 
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^n(^+W-l)~K'-^-e-^""^i 



= -iV-l{e^{co^a:+sm3;.V-l)-e'(cosa:-8m^.V-l)} 

= _^Bma! + — ^coax.V-1 

We may reduce cos {x-vy V-1) wii tan (x + y V~^) '" ^^ manner. 
If, witt alike esteneion, we take 9ia"'(a: + y V-l)i '"'^ ™^y make 
tlie reductions as follows; 
-ev'-l = log(coafl-sine.V-l), e = V-l.iog(cose-sine.V-l), 

the second side of which, by preceding processee, can be reduced 
as required. 

If, in. every case, 0{^+i/V-l) i"™ ^^ reduced to Pi-Q-j-l, 
in which P and Q are real, then, by our first remarlt, 0(^-y V-1) 
can be reduced to J" - Q -J-l , whence 

i{0(;K+j,V-l)+0(^-yV-l)} and iV-1 {0(« + !'"/-i)-0(^V-i)} 
are real, being P and - Q. 

We haYe now to consider 0C^ a"'! 0(^*'')t or 

0(KCosi3 + 3;sia£'.V-l) and 0(a; eos^-a: sinfi-V"')- 
A few principal examples will here be sufficient. 

Let 0a! = (1 + «)", 
l+a;cos0±asine.V-l=V[(l + «oosC)'+a!'sin=e}e"™'''"™»"'"', 
the ij'ii power of which is 
(l+acoos0+3i^)i^/cosretan"'-,.^^-5!^^- ±8inmtan-',-— " — .V-ll. 

1 + 



i = (1 + 2:E cos + 

= (1 + 23! COB e + 

and these are the expressions for 



0M-0(££^^ 

2V-1 
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The verification of such results will be useful practice. For 
instance, it is asserted above that 

(1 + 2k COB + «■) cos 2 tan-' ^ ^^^^^ g = 1 + 2^ cos 9 + e' coa 29. 
Now cos2tan-'a = cosMan-'a-ain' tan-'a=(l-tan'a)-^(l + tan'a). 
The first side of the above is then 

Let n=-l, and change a; into -x. Show that cos (-tan"'-«) 
is 1:^/(11- a"), and that sin {- tan"' (- a)} is a t VCl + "'). and 
then show that the above expressions give 

LC + a^sin2fl + a^cos3e + .... 



1- as 008 0'+ 3^ 

Vef jfy these by the whole method, (px being 1 ■;- (1 ~ 3^}. Also 
show the following, 

e cos Ca^sm &) = ! + «: cos e+—^ + 33 +-- 

e'™%,n{^sm0)= ^smSH-^g— + -2:3- + .... 
Let •fix = \Dg(l+x). Then 
log(l+a;eosi' + Ksin(».-/-l) 

= i log (1 + 2a; cos e + :^ + tan" j^^^^ ■ V-L 

^log{l+2:KCOS0+3^) = a^Cose-^cos2e+ -cosSe- |-COS40+..., 

1 + 3; cos f ~ 2 3 4 

If a; be >- 1 and <+ 1, both these series are convergent, and 

there is no ambiguity in the first; but there is in the second. 

The second series, when convergent, has one definite value; 

which ia it of all the valuea which the first aide may bear? 

It must be the angle which hes between - ^ and + ^ : for 

when X pauses from, negative to positive through 0, the series 

does the same. 

When a; is greater than unity, these series become divergent. 
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and the atudent should avoid founding resalis upon divergent 
series, as the qxiestion of their legitimacy is disputed upon 
grounds to which no answer commanding anything like genera! 
assent has yet been given. But they may he used as means of 
discovery, provided that their results be verified by other means 
before they are considered as established. 



2 ^"' 2 '*' 3 4 +■■■' 

dSmtth Ihht d Th es 

hi tap ulai 1 ".s tl y g t b t th ir 

g y t ily eat bhah d Th t a. it 

pCTt malghiilp ihar tj If * d d b th 1 
fth dbyfl dlmh^nhtlt 1 

1 1 + 1 1 (Alg 1 -a p 197) Th IS t th pi n 
even the work, in which to discuss the peculiar character of 
these series. 

Let = -^. The first of the equatJons becomes 
J^log(l+a^) = -|-a;'-i-a^ + ..., 
as well known. But the second becomes 

f an-' j: = ar - - 4 - - - + 

a remarkable series, both for its simplicity, and for the use 
to which it has beeC put. It is convergent when j: > - 1, and 
not > + 1 ; and thus may be made efiectiie when turC'x > - i^, 
and not > I-t. When x = 1, tan^'a; = Jjt, we have 
, I _ 1 

7"*" 

being the first calculable form in which tt has been directly 
prwented. But this aeriee, though convergent, is very slowly 
so, (Algebra, page 184) and would require that we should cal- 
culate 500 terms before we could be sure of three decimal places. 
The following is more convergent, derived from jyS = tan [J it). 



= 1-5 + 



'T , ,o r, 1 1 1 1 I 1 1 
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But it is best to resolve ir or some known fraction of it, i 
wo or more angles -whose tangents are known. Thus, 
,""'J + tan"'i = J?r, 



(page ^), gives 



which may 
for J and ^ 



s follows. Write p and q 
every step): 



2* =-00411522634 
j' = -00045724737 
g' = -00005080526 
5" = -00000564503 
g" = ■00000062723 
g"^ = '00000006969 
q" = -00000000774 
j" = -00000000086 
5" = -00000000009 



Now let 



. 2 3 3 1.2= 3V 

be easily cillculated, 
(divide by 4 and 9 i 

= -50000000000 

= -12500000000 

= -03125000000 

= -00781250000 

= -00195312500 

= -00018828125 

= -00012207031 

= -00003051758 

= -00000762940 

= -00000190735 

= -00000047684 

= -00000011921 

= -00000002980 

= -00000000745 

= ■00000000186 
■00000000047 
-00000000012 
■00000000003 

(y + g") -^ 1 be denoted by r„. 

-05401234568 
■00118139248 
■00004490239 
■00000303915 
■00000010043 
■00000000518 
■00000000028 
■00000000002 
■05524078561 



, = -00707304527 
, = ■00022265892 
,3 = ■00000943827 
„ = ■00000044924 
,, = -00000002271 
^ = ■00000000119 
„ = -00000000006 



TT = 3-14159265352 
t, with the exception of the last place. 
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The series for iaD''x may be easily deduced ftom one among 
a number of forma which may best be considered together: as 
foEows. 

We have seen a remarkable connexion between exponential* 
forms on the one hand, and trigonometrical forms on the other. 
Every trigonometrical function has an imaginary exponential one 
for its equivalent, and every exponential function an imaginary 
trigonometrical one. Many imaginary forms of one kind are real 
ones of the other; and the following is such recapitulation and 
addition as will put all the most useful transformations together, 

cos. = ^-^-. ^-V--osW-l), 

J 1 _ e-2?v-i J g^w-. ^1 ^ _ 1 tan(i3;V-I) 



me = 



= 2V-I.tan-(;cv'^l), 



" 7^ 1 + £-'«■'-' " </-! e'^''-' + 1 ' e" + 1 "" V-1 
9 = log (cose - sina^-l).V-l = - log(cos(? + sinftV-'J-V-l 
sin-':^ = log {^(1 - ^) - W-1 W-1 = - log {V(l - ^") + *V-l).V-l 
cos-'^ = log{:. - V(^' - 1)W-1 = - losi^ + V(^ - 1)W-1 
log {^ + -Jix' + 1)1 = ^'""^^V-D ^ i„g ,^ ^ ^^^. _ ij j ^ eos%V-l 

^-1 ^ cosg-FsinO.y-l ^ l+tangy-l 

~ cosfl - sine.V-l ~ l-tane.-/-! 

1 , l + W-l 

€* = eos{^V-l) - sin(V-lW-l. log* = 2V-1 tan"' (^ V-l) _ 

Many of these transformalions are hardly ever used in operation i 
but unless the student has them before his mind, he will be 
often at a loss to see the connexion of results which stand in 
the closest relation. 

The multiplicity of value of log* (or rather \x, which might 
have been used throughout, as in page 47) is closely connected 
with that of sin"'ar, &c. But the connexion was not very soon 

• Ea^ionetiiial ; for the logarithm is only the inverse function 
of the exponential one. 



y Google 



>8 INTRODUCTION OF 

oticed: and the following mode of investigating the aeries 
ia''x was consequently faulty. 
Take the logarithm of both sides of e^''"' = ] '" !j°^''{~{ 



'-l=2{tanflV-l+J(taaeV-l)' + J(taii0V-l)'+ 
e = tan9-itan'0 + Jtaii^e - ..., 



.e.v-1 ' 



2t 
1 



g h he 



f 1 



. If f ti 1 ] 



Th 
pl 



1 



f 



2(tmev 1+ } n t an} 1 g 
some one logarithm; some one case of 20^-1 ^ 2mw^-l. "When 
we say ^ = S, therefore LA = LS (page 48) we aie correct 
only (except in the ease of one isolated relation between the 
real und imaginarj parts of A and S) on the supposition that 
we take the same spitem, and pair the proper logarithms of 
A and B in that ajstem. And the equation A = B only gives 
(any given logarithim of ^) = (the proper logarithm of B in the 
same sjstem). If we do not know the proper logarithm of B, 
■we must take the general ca'ie, and let the conditions of the 
prohlem determine its specific meaning. Accordingly, instead 
of 2(»V-1, we must write 26^-X + 2mH-l, and thus we have 

+ mir = tanfl - itan'0 + \ tan'S - , 

which can be made true; and m must be such integer, positive 
or negative, as will make + mir fell between - Jt and + ^tt. 

The following investigation requires one theorem from the 
theory of equations ; and the rest of thi? chapter, generally 
supposes a student who has read more than is supposed in 
what precedes. 

Multiply together the two factors x - e*'"' and x - e'^'' J 
we have af-3eosfta + l. Or thus, «- coaS - sinS.V-1 and 
^ - eosS + sine.V-l, give the product (i ^ cost')' + sin'^, or 
a;' - 2cosO.(c + 1, Now observe that 

*" + -T =2eos2(9, or a*" - 2:i;"cos2e + 1 = 0, 
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or the roots of tlie second equation are among the roofa of tie- 
first. If 20 be changed into 29 + 2n-, eo change is made in the 

first equation, and the second becomes a^ - 2 cos i — I- — j -a + 1 = 0, 

the roots of which are therefore among the roots of the first. 
Now two equations x' - ax -^ 1 = 0, le" - bx ^ i = 0, cannot have 
a root in common; for then it would be deteimined by oj' = fij*. 
or a; = would give the root: and there can be no such root. 
If therefore we go on, until we havt obtained n equations of 
the aeeond degree, we have got 2n distinct roots for the first 
of all. Consequently, by the theory of equations, we have, for 
all values of x. 



Extract the square root of both sides, and divide by 3 ; 



('-Ij-f 



On the second side there are « sines, or exclmix e ot the flrat, 
n-1 sines. If n 1 bo an e\ea number ne m'l) piw these, 
the first and last, the second and last but one, i-c But if 
M - 1 be odd, this paiiing will Itave one m the middle, and 
n-1 being odd, the middle numbei w in, whence the middle 
factor is sin (- + — ) oi cos - , which, observe, approaches unity 
as is diminished without limit. Moreover, the last one la 

the last but one is, similarly, sin (— J, &c. Hence the pair- 
ing just alluded to gives 
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n \^ n/ \n nj \n nj \ii nf 
n factors in all, the last, a single one, being cos - , if n - 1 be 
odd. DiTide both sides by sin(5■^m), and dunimsh 9 without 
limit. The limit of the first side is then that of 

«».,., T .. 25T ,, Sn- „ , . 

n = 2 ' am' - . sm' — . em' — one for each pair, 

and DOS (9 -^ »), if there, has the limit unity. Now observe that 

Substitute ftom this theorem, divide sinfl above by n, and 
we have, dividing both sides by 6, and transferring n, 






rl--4{--:5}l'--:fi-- 



with the factor co& {6 ^ti) at the end if « - 1 be odd. This 
second side is always sinfi 4- 0, however great n may be. If 
we increase n without limit, 



. has the limit 5^— , 



(see p. 18). If then we increase « without limit, we have 

Thi^ is a remaikable converging product from which sinS 
might be calculated. Whatever may be, the successive factors 
approach to unity, and therefore produce less and less effect. 
A large number of factors will give a close approximation. Let 
G^krr, and we have the convenient form 
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If;; 1 



^■^2^3563 ;- 4 IG ^6 Qi 100 

2 4 16 u6 6-1 ""^ J u 1j 35' 63 ' 99 ■' 

ThiB was once supgeated as a mode of approximating to tile 
value of !r it proceedh loo slowly for that purpose, but it answers 
anothei It ne tike n factors we sec in the numerator the 
square of the pioduct of the first n eien numbers, but not the 
correipondmg sq laic of the pioduct ot odd numbers in. the de- 
nominate One odd number moie is repeated once: thus in 
the del imiiiator taking 3 factors we ha^e i.15.35 or 1".315'.7. 
Accordingly the larger n is mide the more nearly is tliia 
equation true, 
/2.4.6... 



U.3.5.. 



= (2« + l)-^; 



1.3 ...2 



for (n+i)!r and ht hive neaily the same 
very gieat. This, in common language, i& 

I mean that it may be mide as neirh true ai 

II be large enough 

If this last tquation »eie dbsolutel> true this i 
follow, as I shall show, 

1.2.3...™= V(2«^).Q". 

But as the premise only approaches to tnith i 
so it is also with the conclusion. Assume 1.2.3 
let <pn be 1.2.3 ...mfm". 



squiie loots, if n be 
tiue if m be mflmte 



■We 


; have then 1,2,3.4 


... 2ra- 


-1.2« = (2«r0(2«), 






2. 4 




... 2n = Tn"<fin. 


>ivLdli 


:ig again, 


1.3.5 
2.4.6 ... 


2n 






1.3:5... 


2m -1 


lence 


we get 


,/l37r.2nl 


2j™ 


■ ■>' /(2") - (/"C, 



fn standing for rfm -^ '/(2wn). Let (/«)" be ^, 

then Jh = (1;^)" and (V' 2»f = {ilmf" or f-2n = Y-n. 
Consequently, fn is either a constant, or if a function of 1 
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1 es not chiDf,e when m i% changed mio 2n Such fi v 
log" 
" log 2/ 

except -ui inverae tngono netrical o le If however n he Tery 
„ieat, log I! mcieasei \erj Lttle when h is mortastd hy a few 
units loi aid al out one large yalue of n tjri i then neailj 
a constant and absummg jt constant we ihatl be able to show 
tl it the waj ol dete mining that constant g ves the san e thing 
whatever the yalie of n may he But this ass impt on of yn 
constant sav c lenders the pioot m pel feet and a moie per 
tect one s he^ond those who may be expected to read tl i 
woik Take ■^ c then 

fn e 0ji V(2Tn) <■ and 123 n-VCTVi) c 
lor ji wiite TC + 1 and divide by the forniei- result which give 

If n be very great, this would give 1 = 1 >; c x 6 very nearly 
(Algebra, p. 225), or e = e'^ ; so that 

1.2.3. ..» = V{2'w)-e"-"" nearly, as asserted. 

This formula succeeds very well, on trial, attd the first aide 
is found greater than the second in about the proportion of 
12ra + 1 to 13». 

Returning now to the form sin&!r=S?r(l - J^),.., for S write 
2A, and we have 



inftjr.cosfcr = 2/l7r(l-4^=)h- 

infts- = kir (1 - 



4h\ 



" --=<>-'-H-f)(-S)(-S)- 

a correiponduig eipretsion foi the cosine. Prom these factorial 
evpressions it is in our power to find series for the logarithms of 
tngonomebical functions Let 8„ represent the series 
1 +2-" + 3-^ +4-" + ... adinf. 
It is easily seen that we have 

S„ = l™ + 3-"+ 5-" + ... + 2-" {1 + 2- + 3-"+ ..} 

or l■"-^z■" + 5^ + ^^-^ ... = (1 - 2-^) s„. 
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Values of iS^ to a sufficient extent may be found in mj 
ferential Cahulas, p. 554, Now 

log sin Ajr = log An- + log (1 -F) + log f 1 - ---J t ... 
. Expand the several logarithms, after the first, and we have 



which is convergent when A < 1, and very convei^nt when k<?;, 
and, for purposes of calculation, it need never he greater. Apply 
the same method to tho expression for cos for, and we have 

logcosfor = -(2'-l)S^-(2'-l)S,|!-(2»-l)5,|°-..., 
which is convergent when ft is less than J. 

From these series we get 
log fan ft7r = logA!r+ (2'-2) S^' +(2'-2)5, - +(2*^2) S( - + ... 

It will be observed, that S,-!, S^-l, &o. diminish very rapidly. 
We take advantage of this by throwing tho series into the form 

logsinS™- = logS^ + log(l-a'HVi)^'*-{*,-l)|-(5,-l)|-... 

logcosS9r=-log(l-i')+log(l-«y(2M){*,^l)ft*-{2'-l)(6;-l)--... 
logfaJiA97= logftjr+21og(l-A')-log(l-44')-i-(2=-2)(S,~l)SH... 
We have seen that trigonometrical language affords a brief 
mode of expressing, in language derived from obvious geome- 
trical ideas, complicated algebraical relations. The following is 
a striking instance : 



Increase n without limit, and 

^^ = cos - COB - cos - cos — cos — ... ad inf. 
X 2 4 8 16 32 -^ 

Let X - frr, and show that this is then only an abbreviated form 
of the ft 



_^V2 V(2 + Va) V(2 + V(2 + V2 )) V(2V(2 4-V(2 + V2))) 
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The student who is acquainted with the theory of equations 
may be enabled tJD cipiees the logarithmic series in another form. 
The rest of this chapter is briefly given, and may be looked on 
as a Buocesaion of exerciaes It appears from 

Emi!r = U(l-ft')(I-iS').,. 
that sinSTT is formed ftom its radical factors after the manner of 
an algebraical expression, so that 1 - ^ + -.- = may be con- 
sidered as an equation of infinite dimension whose roots are 
+ w, - TT, + 2:r, - Sir, &c. Write k for ^, and we baye in 



2.3 2.3.4.5 3.3.4.5.6.7 

an equation whose roots are ir*, (27r)', {3w)', ... Hence we easily 
get tlie following theorems ; 

■"!<= ±3' ^m'.n' 2.3.4.5' -^ P.m'.it' 2.3.4.5.6.7' ' 
where in S(l f Em'.ra'), we understand that there is a term of 
the aeries for e^'ery possible combination of a product of three 
different integers. And by the known theorem for the reciprocals 
of powers of roots of an equation, we have, F„ standing for 
ir-"' + {2!r)-^ + (39T)-*' + ... 

1 K 2 V V. 3 

and so on. Calculation of a few of these results will giye 

' 1.2'6' ' 2.3.4 30' ' 2.3.4.6.6 42' 
and so on. Now V„ is iS',„n--"' (page 62), and the iractions |-, ^, A. 
belong to a set which aro called Bermi«U€s numbers, and are 
denoted by B„ £„ B„ &o., so that 



all which win be found by continuing the above process. These 
numbers appear to follow no law, which exhibited as rational 
fractions ; but when exhibited under a law, as in 

_ 2 1.2.3... 2» /, , 1 1 . 1 1 
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it would be tliought very unlikely that tlicy should be rational 
fractions. 

Subistitution, and writing x for fcr, now gives 
I ■ =1 - 2-B, g*^, ^ yj, 3^ 

ogBin* oga; ^^ 1.2.3.4 2 1,2.3.4.5.6 3 '"' 

_(2'-I)2S (2^- l)2°Ja a^ (2'- 1)2°^, 3^ 

''''''^°^^" L2 ~ 1.2.3.4 2 1.2.3.4.5.6 3 ■" 



s^^logx 



^ (2^-2)2.5, , (2'-2)2^.S, ^ (2'^- 2)2^.5, j:* 

^ "" 1.2.3.4 2 "*" 1.2.3.15.6 3 "^■■' 
Next, we have 

logcos(3T + A) - log COS 3; = log(coaA - tana; . sinA) 

= logcosA + log(l - tan«.tanA), 

logsin(iK + li) -logsinj); = log(coBA + cotie. sinfi) 

= logcosA + log(l + aotx Aanli). 

!From the aeries it is ohvious that logcosA r ft diminishes without 

limit with A. Also it is easily deduced from page 17, that 

log(l + PtaiiS) ■ h or P(tanS ■ A) (i«tan=A ■ "Aji... 
has P fo ts 1 n t when A s dnrnn hel thout 1 m t Hence, 
1 V di g the p ece 1 ng eq at hy A the hm ta are tana: and 
cot J Pe forn tl e same p oco s on eacl t n of the series for 
log CO * and l0j,snjj that haage a nto x^h uhtract the 
te m alte ed and d vide ! y / reta nu 1) tl e 1 mit ; and 
tl us deduce th equat 



X I 1 34 1 34jb 

= 1_? ^_?^_ _^ ?i^L _ 

~x 3~43 945 4725 93635 "■' 

^ (2'-l)2'Jia; (2'-l)2'jg^ (2'-l)2'J,a;' 
'^" 1.2 "'' 1.2.3.4 1.2.3.4.5.6 "*" 

it' 2t- nx'' 62^ 
"^■''3 "*" 15 '''3I5''' 2835 ''"■■' 

Take cot^ = V- 1 Ji^l^ = V- 1 (1 + -~Zli 

and thenoe, writing - a;^- 1 for x, stow that 

'^^~ X 2"'" 2 3.3.4 2.3,1.5.1! '" 
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CHAPTEE VI. 



The system of trigonometrj , from, the moment that y" 1 is 
introduced, alwiys presents an mcomplete and one isided appeal 
aiice, miless the student ha\e in hia mmd lor compaiison (though 
it is laiely oi ne\ei nanted for what is OdUed uie), another system 
irt Kkieh the thete-ealkd ernes and cosines are rtal alqehriitcaC 
quantities. This other syctem will sene to explain the connexion 
between logarithmic and liigonometrical ftinotions 

In the ordinary system, a given revolving line, of a unit length, 
has one extremity in a circle; and on that circle every radius has 
its projections connected by the equation a" + y^ = 1. Suppose we 
take all possible points so placed that the projections of then' 
values of r are connected by the equation x'-^=l. Those points 
are all that are in a curve of the following form, called the 
equilateral hyperbola, (a curve corresponding, among hyperbolas, 
to the circle among ellipses ; in fact the circle ought to he called 




the equilateral ellipse). The two lines towards which the branches 
of the curve approach without end, but which they never meet 
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(cilled asyiiptotsi) are at right angles to each other, aad midway 
between the principal axes. From any point P draw PK per- 
pendicular to an asymptote. Let OK=v,EP = ii!. Then it Is 
easily seen that r = y 00845° + w cos 45° = iv'2(!' + w), and that 
y t ?m45' wsiii45° = ^ V3{«-*''): whence 

\{v^wf~l{v-wf=l oc2«w-L 
Now take one of the asymptotes and the curve that fiJls above 
it, and take two portions of the area standing on bases which are 
to one another as their initial distances from the centre ; that is, 
let OK:KL:: OK' : E'L'. Divide each of the bases KL, K'L' 
into n equal parts, and draw perpendiculars and inscribed reot- 
r shewn in the figure. 




B K 

Let OK=e, KP = le, KL = t; each subdivision is - , the 
m* subdivision ends at «> + — - &om the centre, so that the altitude 
of the m^ rectangle is 1 -^ 2 (k + ^ , and the area of the mth 
rectangle is 



But in the second urea - is the same as in the first; there- 
fore the m'l' rectangle of the first is equal to that of the second) 
and the sum of all the rectangles of the first is equal to the 
sum of all the rectangles of the second. Now the area KPQL 
is composed of the rectangles, and of curvilinear triangles: 
these last, put together, fall short of a rectangle having the 
subdivision of KZ for its base, and the fixed excess of KP 
over LQ for Its altitude. Therefore, as the subdi\iaion diminishes 
without limit, the sum of the curviUnear tiiangles diminishes 
without limit: that is, the curvilinear area is the limit of the 
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sum of the rectangles. And as the limits of equal quantities 
are equal, the curvilinear areas KPQL and K'P'QL' are equal. 
The area KPQL, then, depends only on the ratio of OL and OK. 

Next, OK being v, let the area APDE (A being the vertex 
in the first figure) be A, and let )! = 0{^), Put on an area 
QLEF eqnal to ADKF (or A) and let ABLQ be 5; so 
that ABEF is A -t B. Then. ADKP and QL^J" being equal, 
we have OD : OK :: OL -. OE. 

Let OL> = m, and this is m : 0^ :: ^S ■ ^{A + JB), or 

t^^ = ^^ - ? - "tenee (Algebiu p. 204), M = '^'-^ 

or Ji - mC'* whence e is to be determined Also 4-1 and 

^AOD 4 wh V2 H 4 (1 g 1 g V2) I g 

T d te b th t if w bj A th 

t f t gl d rvih ar tr angl 




the ratio therefore .„ ; . = — - 

A loge 

and the limit of this is 2^ loge, which must be 1; therefore 

loge=3. Accordingly A =^log(^2.v). The logarithms used 

are, aa is always supposed when nothing to the contrary is 

mentioned, the Naperian, or hyperbolic logarithms : and they 

got the second name from their connexion with the hyperbola, 

the fact that all other systems are equally connected with the 

hyperbola not being seen when ^e name was given. 

We can now find the curvilinear area APN. The area 

DKPNA is made up of the rectilinear areas DKPA and APN, 

and is therefore ^DK {DA ^KP) -i ^AN.PN; 

i(«-iV2)(AV2 + ^) + ^(^-I)y 

^ ^,vw + y2(v - w) -- I i Ixy - iy = ^^ : 
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wnce 2vur = 1, and ^V2 (v-iv)- y. That is, the rectilinear areas 
ONP, DKPNA are equal ; take from both the curvilinear area 
APN, and there remains the sector APO, and the area DKPA 
{J^log(v'2,ii)}, equal. Call the former S, and wo have 

S = ilog(VM = ilog(^ + y) = ilog{^ + V(^-l))- 
Accordingly we have a + !/ = e^, x ~y = e^* 

If we now turn back Xa the circle, and if S be the area of 
the sector whose angle is S, we have, the radius being 1, 
S = i!^, 0x6 = 18. But now, (r beings 1), x = wse, y = sme, 
and we have 

'' ° 1 ' ^ " 2^ ' 

If, in the hyperbola, we choose to call the numbers representing 
X and y the hyperbolic cosine and sine of the number of square 
units in twice the sectorial area; we have, 25" being 6 (which 
is not now derived from an angle}, and the difference of system 
being marked by capital letters in the words sme and cosine, 

Cosy = — . , Sin^ = — --, TanS = -^ ^. 

From this it may be deduced that in order to convert a formula 
of circular trigonometry into one of hyperbolic trigonometry, 
when no inverse functions enter, we have but to change cosS 
into CosO, and sin^ into V-l.SinC. The following are a few 
of the results : — 
Cos'e - Sin'e = I Cos (0 ± 9) = Cos0 CosC ± Sin0 SinS 

Cos'6'+Sin^e = Cos2i9, Sin {0± 0) = 8in0 CosO ± Coa0 Sine 



M'^- 



tTan0,Tani9' 
n Cos {n--2)6 + n ^ Cos (» - 4) e + 



- {Ooa»M9 + mCos(«-2)0 + } (seven) 

J {SiniiS +«Sin(«-2)ei- } («odd) 
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This is sufficient to iUnatrate the analogy which esists between 
the two systems. The advanced student may inTestigate the 
connexion of the conjiM/ate hi/pei'Mu with the trigonometry 
in which the fundamental equation is Sin'S - Cos'^ = 1. 

If we now take five independent equations from page 11, say 

ton6 = ^^, tanOcotO=l, cof,CsecC = l. Ein0coswe = l, 



it is plain that the first four may ^je considered as equations 
of definition or introduction for tan&, cote, sec0, cosecfij and 
that, speaking of its operations merely, trigonometry is the treat- 
ment of the equation a' + ji' = 1. Now as this equation might 
be supposed to arise from many different sources, it may be 
worth while f« inquire how much of what precedes is due to 
this form, and how much to the application of this form to the 
circle, or to anyular revolution. 

If we take the two following equations. 

we are not hound to either, b) a^summg x" -I- i/' = 1 but if 
we take one, we must accept the other, as will appear on trial 
And then we shall find that all the direct foimnlse of tiigonometry 
follow, as soon as we requiie that x and y shall titke the names 
of sinS and cosS the inverse forms depend in some measure 
on the meaning of a Let u take the form b' , ind we then 
regain the apphcation of ingulai reiolulion 
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ON IHC TriGON MPTRIC VL TABLE 

The u uil ti j,o o Bvt cal tables aie gve u e ] ct tli 

tables ol logT t ne aid the> more f eque ly ^lo loga tims 
only than cosines &c themselTes When logaithma were n 
Tented they were called artificial numbers a d tl e onginais 
for which logaiithms nere computed were aeoorliii^ly pilled 
natural i umbers Thus in sj eaking of a table of su eb to e\. 
press that it is not the logarithms of sues nl eh ire given but 
sines themsehes, that table would be caDed a table of natmal 
strws and the ioginthms of these would be called, not logdnthma 
<>f sinei, but loyunthmic* sines 

AU tiigonometrical table? with which the student is liielj to 
meet natuia! oi logarithmic are constiucted as follow; 

1 Thej mclude onh the firit right angle, or from 0° to 90° 
If cos 96 be wanted, sin 6° must be found or sm 6° in ths 
table must have its sign changed 11 cos 9b° be wanted in mul 
tiphcation, ^c , the logarithm of sin 6'' must be used, and the 
effect of the negative sign must be piopeilv attended to iii the 

final resist 

2 The arrangement i' always what niay be called semi qvi 
drantal the table goes on!) is far a= 4.0", and that toi the 
remaining hilf ot the right angle is seen by turning the table 
upside down, or reading fiom the bottom of the page mstedd 
ot the top ITieie is an imitation of this m the arrangement 
in page 17, m which + V3, which is both cos 30° and sm 60° 
IS reid IB the lormer by the top and the right, as the latter by 
thf bottom ind the left Open the table so ai to get tangent 



• ThiB leads to confnsioQ m the minda of student-., who learn 
iome notion of mystenouo identity between a. numbLr or lrai,tion 
ind its logarithm and write down 30103 = ' Tho phiase is as m 
lorrect as toyal CMmtiy would be tor kitty of ike i-ouiilti/ or cun 
itabidary partah foi constiAle of the patzsh. 
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of 37° 15', and there will he seen, reading from the top and down- 
wards, tangent of 37° 15'; hut reading from the bottom and 
upwards, cotangent of 52° 45'. It would perhaps have been better 
if the sines had run on to 90*, and then all the cosines would have 
been in reverse readings ; but the present mode is too firmly estab- 
lished to be shaken. 

In consulting the table inversely, for example, in searching 
for the angle which has 9'61723 for the logarithm of its sine, 
the student must not distinguish sine from cosine, nor tangent 
from cotangent, but must consider eiaes and cusines as one table, 
tangents and cotangents as one table, and must cast an eye on 
both, and get to 9-61723 aa fast s& he can. For want of this 
caution, some beginners will turn over page after page, until 
they come to 45°, and then back again, perhaps to the very page 
that was first opened. 

3. The trigonometrical tables in use were constructed on the 
system described in page 18, the radius being 10" or ten thou- 
sand millions. Hence the logarithm of the radius was 10, and 
that of most sines used 9 and a fraction, 8, 7, and even 6 occurring 
towards the beginning or end of some tables. This has never 
been altered; and the consequence is that every logarithm in 
the tables is too great hy ten for us. For that which we call sin 6, 
is sin B f 10'" of the tables. Hence, in all cases, 

Eeal Logarithm = Tabular Logarithm - 10. 

Thus, where the tables say 9'6ia28, we must* take out 1.61628, 

or 9'6I628 - 10 : whei-e they give 12'61628, we must take 261628. 

Some tables only increase by 10 where the characteristics are 

negative ; and give 9 for 1, but do not altfir 0, 1, 2, &c. 

When the process is inverse, the logarithm should be made 
tabular before entering the table with it. Thus, for finding the 
angle whose sine is 2-41729, we should enter the table with 
8-41729. 

• Many calculators prefer to consider the actual tables as if 
formed upon, the fiction of always avoiding negative characteristics 
by increasing each of them by 10; and actually use the tables, 
making corrections in the results. For myself, I feel assured that 
the student should be taught by real logarithma, Mid left to find his 
own way to the other practice, which I much doubt his doing. 
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The iabli,s' adopt \ar oui numhera of decimal places usually 
five BIS oi wvu I ne figure tablea are eiaot eno igh fti or 
djiiary use theynai be cons del ed as utlcilated to gHO results 
withm the W'^ pait of a m nute oi 6 Those foi whom five 
figuri, lablei aie not suffl lent shoill use eei en figure tables 
the &ix fig ue tibles are best for those who ha^e mtwh to do 
for which fiie figuic m hardly correct enough 

In ererj table we use the nords aigumenf iileriil fiinetton, 
and dtffetence The argument is a technical term for thit with 
which we entei a table and opposite to which we expect to find 
the value of a funeUon ot that aigument Thus in one table 
angles ind the logarUhme of then sines are paired if we haie 
a specimen of either and want to lind the corresponding one of 
the othei kind that with wh ch we enter is the aigumcnt and 
the other its function. The intenal of the tables is the diifeience 
between the eueceesive values ot the principal iigument whioli 
values are always equidistant. Usuallj, om minute is the tabular 
interval of angle ; that is, the tables furmah trigonometrical 
functions (or their logarithms) foi (f, 0°!', 0°2' 1°, 1"!' 2° 90° 
which I should desciibe as bemg of the class 0' (1) 46°; the 
table being really in two halves, one of which is only the reverse 
reading of the other. But there are tables of the following de- 
scriptions : 0° (10") 45°, 0° (1") 45°, 0° (1") 3° (1') 45°, &c. 

llie differences of a table are the sucecssive difiercnces of the 
fiinctions belonging to the equidistant arguments. Thus, if oppo- 
site to e, fl + A, + 2h, + 3A, &c. we have p, g, r, s, &c., the 
differences aj-e q-p, T - q, s-r, &c., and g-p is technically 
called the difference oi p, r - q the difference of q, &c. 

The use of these differences lies in what is technically called 
interpolatwn, which is the mode of solving this question : Given 
the tabular function for 6, + h, 6 -f 2h, &c., required the proper 
function for 9 + a given fraction of h. If the several differences 
be equal, or very nearly equal, as g -p = r-q-=s~r, &c. es- 
aotiy or nearly, the differences only are wanted, and the differences 
of the differences, &c. may be neglected. In this case we may 

• Of ordiuaiy tables, Hutton's (which have gone through many 
editions) are tlie best of seven figures; Farley's, of six figures; 
Lalande'a (reprinted by Taylor and Walton), of five figures. 
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be said to use interpolation of the Jirst order ; and this is all that 
will he wanted here. 

The success of interpolation of the first order depends upon 
the following theorem : If 0a; he a function of j, and A a small 
quantity, then, for every function of x, (J' + k) is Tcry nearly 
equal to <px \ ip'x . k, where /f/x is another function of x, depend- 
ing upon ^x for its form and chaiacter. I leave the student to 
establish the following theorems, all neiirly true when S is small, 
ajid the angles (or k at bast) are in aieual unit? ; 
sin (I + A) = Bin a; + cos a;. S, ct>s(a; + &) = cos a: - sin a;.S, 

sec {x-\-k) = see x f — — . k, eoaec(a; 4- A) = cosec x - -r-^.k. 

But the second and third are not approximately true when cos a; 
is small, nor the fifth and sixth when sinic is smalL 

If i be a minute or a traction of a minute, the angle in arcual 
units is sufficiently* espresaed hy i sin 1': and then we hare 
sin (a; + S) = sin a; + cos a; . sin 1' . S, &c. 

The mode of interpolation is the same as to all tables. Say 
that (a; + i) '= 0aT + 0'a; . S, very nearly ; let A bo the tabular 
interval, and let it be required to find (a; + /ik), fi being a 
given fraction. We have then (a; + A) = 0a; + i^x . h, or the 
tabular difierenoe is 0*^:. A, very nearly. But 0{a;+^) = 0a; + 0':r.^ 
oi fix tab. <ilS. is to be annexed, with tta proper sign, to 0a;. Were 
it not for calling attention to this theorem, which is often wanted, 
the interpolation might be more simply explained. Take the 
log. sine of Z" 18' and 3° 19'; we find 8-76015 and 8-76234, giving 
tab. diff. = -00219 ; the table calls it 219, implying that this 
number and its results are to be applied in the last places. And 
this difference, or one very near it, runs on. We may then con- 

• Since small angles, areuaUy esipressed, are very nearly equal 
to their sines, k x (arcual expression of one minute) and i ,ain 1', 
are very nearly the same, if k minutes be a small angle. In astro- 
nomical books, n sinl', n sin 1", &a. are very comi 
for w' n" &o. It may be worth while just to notice that, aj 
ErigOEometrical functions, it matters nofhing how the angles 
,1 (arcual unit) and sia57° IT H" 'S. . are the as 
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aider the last places as augmenting at the rate of 219 per minute. 
Accordingly, for half a minute we say 120, for 1-10^' of a minute 
153, and so on. And it m very important to notice that sines, 
tangents, secants, have positive tabular differences, while co-sines, 
co-tangents, co-seeants, have negative ones. If we want to find 
iog cos 81° 13'-6, we must, for the augment of 0''6 to the angle, 
subtract 6-tentha of the tabular difference. Neglect of this cantion 
canses more error to beginners than anything else in their use 
of the tables. 

The state of the tabular difference shows what degree of 
accuracy the tables are prepared to yield. In a table of five 
places, the smallest change which the table can indicate is a 
unit in the fifth place of decimals. Now at sin 3° 18', there are 
219 such units in the tabular difference; and each one belongs 
to the 219'i' part of a minute, about the fourth of a second. 
"When the answer is about 3° 18', to be determined by its sine, 
the problem may be solved by five-figure tables within one 219"i 
f m' t A dingly, when there is choice, it is best to 
to th 1 t f the table at which the differences are largest; 
h f small angles, and smes for angles near to a 

n ht 1 Ag at the begiuiiing of the sines, the end of 
th d 1 th the be^nning and end of the tangents, the 

diff 1 an ry rapidly, and the differences of the dif- 

f b m f miportance. The use of the ordinary table is 

1 d these cases, and in the following manner, 
ill peaking', a table of sines with smaller interva! 
t nding over all or great part of the first degree, 
g t nd sines are very nearly equal: up to half 
re practical separation. 

At th d f the tangents, the best way is to use the 
tang t f th niplement, which is very small, and has very 
Ij th 1 garithm as the sine of the complement For 

instance, I want t^ find with accuracy to five figures the tangent 
of 89° 46' -18, using the English reprint of Lalande. This is the 
complement of 13'-82, the tangent of which cannot he distinguished 
from its sine. Looking into the second small table at the end, 
I find 7-60360 and 7-60674 for logsinl3'-8 and logsinlS'-ft 
(tabular interval C'l). The tabular difference is 314, belonging 
to 0' -1 ; for a -02 I must take 2-10"" of this, or 63, which added 
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to the last places of 7-60360, give 7-60423; or really, 3-60423. 
This is the real logarithm of the cotangent ; that of the tangent 
is 2'39577. The tangent then is 248'74. 

I want to find the angle whose tangent is 3174. Its logaMthm 
is 3-50I61; that of the tangent (which confound with the sine) 
of the complement is i-49839; in the tables 6-49839. In the first 
of the small tables appended to the English reprint of Lalande, 
6-49175 and 6-49849 (with difference 674) belong to r4"and 1'5". 
But our wtattained part' is 664; and 674 for the whole second 
gives 664 for 664 - 674, or -985 of a second. The complement 
of the angle required ia then 1' 4" -985, or the angle is 
89= 58' 35" -OlS. 

Nothing but actual practice can give expertness in the use 
of the tables. I should recommend a student to begin by verify- 
ing some formulte. For instance (page 29) the sum of the 
tangents of the three angles of a triangle is equal to their product, 
since tan 180° = 0. Choose three angles which malte 180° find 
the tangents from their logarithms, and add ; add the logarithms, 
and find the natural number to that sum; the two results ought 
to agree. Choose a, 6 at pleasure, and calculate (a + 6) - (ab - I). 
Find the angles to which these three are tangents; their sum 
ought to be ISO". 

On the construction of trigonometrical tables I shall say no 
more than to show the student that such a tiling is possible 
without any impracticable amount of calculation. If tables were 
now to be constructed, methods derived from the calculus of 
difiercnceB, which I cannot here describe, would take the place 
of those which 1 mention. But even, these last are much more 
easy than those to which we owe the tables in use. 

If we really wanted to find the sine and cosine of one minute, 
which, arcuaUy expressed, is -0002908882, we should easily find 
that (^ - 2.3.4.5.6.7 has no significant figure in the flr.st twenty 
decimal places. If twenty places were enough, the following 
would be quite sufficient ; 



' This is a phrase which. I use for the excess of what wo want 
ind oTer the nearest below it which we can find. Thus if the 
. tangent of the angle I^want to find be 10-37466, and the nearest 
lemeath it in the tables is I0'37461, the unattsdned part is 6. 
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Mf - sine = ^(cos'e + sin'^ - 2 sinO i 



)3^) = v'Cl-sin2e), 



when Bk^tt, both square roots must be taken positively; and 

cosO = i V(l + sin W) + * V(I - sin 26) i cos 6* = Vi (1 + ™3 28). 
sine = I V(l + sin 26) ~ W(l - sin 20) ; sin fl = -/i (1 - ™s 2S). 
So that, either the sine or cosine of an angle being given, 
both the sine and cosine of its half can be found by two 
extractions of the square root. 

Now (page 26) we may (^sume that we start with the sine 
and cosine of 3°, 6°, 9°, fiiUy expressed for calculation. Thus 
we have (proceeding as directed in page 26), 

<»s 3= _ (V3 + 1) (V5 - 1) (V3il)V(5W5) 
sin 8V3 ~ 8 

Hence the sines and cosines of all the multiples of 3° may 
be calculated first, as verifications of the process. Having de- 
termined sin 1' and cos 1', it is now possible, by the formulie 
sin {a; + 10 = sin a: . cos 1' + cos a; . sin 1', &c., to calculate tlie sines 
and cosines of 2', 3', &c,, up to 2700' or 45° ( which completes 
the table of sines and cosines, ftom which the tangents, &c. 
may be calculated by division. 

Much shorter methods might be introduced, as before re- 
marked, from the calculus of differences. But even from common 
Formulie, the above labour might be considerably reduced. I 
the student to prove the following formulee: 



:3O+e)=V3.eose-oos(3r-0), 



x0=Hs.-a 



(«.-|....(..-D, 



;45 + C) = 2 tan 2^ + tan (45" - f ), 



cosec0 = ^tane + ^cotS, 
C = tane + tanf45''- 

f = cote+tan -. 
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From which we gather that when all sines and cosines up to 
30° are calculated, the rest can be found, the sines by simple 
subtraction, the cosines by one multipUcation only; that when 
the tangents are found up to 45°, the rest can be found by simple 
addition : and that aU the secants and cosecants can be found by 
addition only, from the tangents and cotangents. 

The student may also prove the following formula, which is 
often cited aa a mode of verifying the tables, by instances selected 
at hazard, 
cos (36° + e) + cos (36'' - 0) = coaO + sin (18" + 6) + sin (18= - 0). 
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^ = tanvi = cot5, a = i taiLrtt = 6 cot5. 

But the fc^owing formulie should be remembered in words, 
side = hypothenuse into sine of opposite angle, 
side = hypothenuse into coaine of a^acent angle, 
hypothenuse = side by sine of o^^iosite angle, 
hypothenuise = side by cosine of a^acent angle, 

side = other side into tangent of opposite angle. 
Wife = other side by tangent of ai 
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The following are t 
of solution : 


Given 


a,b 


'waB = ~, 


c, b 


a = ^ic-h.a 


c, A 


b = c cosA, 


a, A 


b = a cotA, 


h, A 


a=b t&-aA, 



ur, and the formula 



The following are the parts of one right-angled triangle with 
logai'ithms, for exercise in these formula, previously to taking 
other eitamples r 

= 2-1086766, 



logS^l-820i406, 
= 2-0417681, 



c = 128-4327, 
h= 66-1364, 
a = 110-0951, 
■1 = 59= C 31"'2S, 
log.sinji = loj 
log.cos^ = log.sinB = 1-7117649, 
Iog.tan^ = log.cot5 = 0-2213276, 
log.fan^ = log.cot-4 = 1-7786724. 
Special eases sometimes occur in which departures from these 
formulfe may be advisable : as, Giyen h. A, where A is very small. 
Here e = b ^ oosA is not an advantageous formula (page 75); 
but if we take 



!e KO^A m very n 



nity, we get the e: 



.s of c 



We now proceed to triangles in general. Draw a perpendicular 
from the angular point of C upon e. If this perpendicular faU 
within the triangle, it is clear from the definition of a sine that 
it is 6 sin^, and also a lauB, If the perpendicular fall outside 
the triangle, either A ox B should have its exUrnal angle sub- 
stituted for it : but an internal and its external angle are supple- 
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ments, and have the same sines. Therefore, in all cases, 

asinS ==b&mA, or- = -; — —, or-^ — -= -. — — , or(};6:;sin.4;sinB. 
6 smJf 8111.4 smJf 

Sides, then, aie to one another as the sines of their opposite 

angles. The angles then heing giyen {or lather, two of them 

being- giien, and the third /o ««(?)> the proportioiLS of the sides 

are found, bemg those of the sines, 

I shall make this the fundamental formula fiom nhith all 

others are deduced, namelv 

Show that each of these thiee, u - sui-J, &e , is the diameter of 
the citcle ctrcumscr%hin^ the hwngh, found in Euc iv 5 

The angles of a triangle hemg each less than two right 
angles, i^^rwriis and completions (page 10, note) cannot both be 
angles of any tiiangle hut supphmenU can, that la, one may 
be an angle of one triangle, and the other of inotbei When, 
therefore, an angle is deteimined by its cosine oi tangent, there 
la but one auch angle belonging to the solution but when it 
IS determined bj its sine, thue arc two angles which may belong 
to the solution , that is, there may be two distmct solutions 

Now take the expanded form of sm(jJ + .B), &quaie both sides 
of the equation, and substitute values for cos'^ and cos'-B, this 
gives 
Bin'(-i+B)=sm'^{l-sin'i)+{l-ain'^)sin'S+2sin^sinicos^eosS 

= sinM + sin'J? + 2 sin -l sini cos (^ + £), 
if A, B, Ch« the angles of a triangle, we have 

A^B^mVP-C, sin (^^) = sine, oos(.4 + jB) = - cosC; 
whence ain'C= sin=^ + ain'^- 2sin-48in£cosC; 
divide* both sides by sin'C, for sinji -^ sinO and ainS-^sinC, 
write (! T e, and b^c, and then multiply by c'. This gives 

c' = a' + 6'-2aicosC (2). 

• This ploceas supphea the want cf a theorem, with whicl. tte 
student ought V> be acquainted ra its general form. Pro-ve that 
if an equation be hmiogeat nts with respect to a set of letters 
p, g, »■, &e , th-it equation rem-uns tiue li p q, r, fte. be erased, 
and f g, r, S.c substituted, providtd that y is to p as j" to j, 
and as r to r, &.C 
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Shorn that this proposition is tlie arithmetical representative of 
Euclid II. 12, 13; and that the introduction of the distinclion 
of positive and negative quantity prevents our needing tieo pro- 
positions. 

As in page 39, we may express the ahove thus ; 

, ,, . _,/2Jah.cosiC\ , ,, , .,2Va6.siniC ,„. 
i;=(o + 6)cossinM-i- ^-i— U((i-e)sectan ' — — -j ...(3). 

The formula (2) may be proved thus: — From the vertex of A 
draw a perpendicular upon a. In all cases it will he seen that 
each side of a triangle is the sum of the projections of the other 
two upon it, provided each projection be called positive or nega- 
tive, according as the angle of projection is acute or obtuse, Thus 
o = 5cosOH-ecoa^, 6 = c cos^ + a cosO, c = « cos^ + 6 cos /I. 
Now c'=(ecos-i)'-l-(cain.^)' 

= (6 - a cos Cf + (a sin Cf = ¥- 2ab cos C+ a'. 



The form cos C= -^^p- (4) 

3ften useful. From it we have 



'3 4(i6 ■ 



1 - cos C= - 
Let a + 6 + c = 2s, then 

a + 6 - c = 2 (s - c), 6^ e - a = 2 (s - a), c + u - 5 = 2 (s - i). 
By Bubslitution we have 

cos'? = ^^ sin'?=(^Z^Hil^ wC- C»-°)M) 

2 o6 ' 2 ab ' 2 s{s-c) 

„„^,B = iM? .■ «5 = <1^> ^'^ t,n>:? = («-'^> ('-") 

2 ca ' 2 ™ ' 2 s{3~b) 

,A_s{s-a) .^_M)sin(^c) ^_,A_ (s^b)(,-o) 

cos 3 - i^ . «™ 2 " he " '^^^2' s(s - -J) J 

Let p = W ^^ -— ^ - ^^ " ' ^^ ^ -- ^ , which it will presently be 

shown is the radius of the inscribed circle (Euo. iv. 4). 
Show that 



..(5). 



y Google 



ON THE SOLUTION OP TEIANGLES. 83 

sm^ = Smn:|cos|giwssi.i^ = |V-s(s-«)(s-i)(s-r)...{7), 

and simiiar forms for sin £ and sin C. 

li p , Pr, Pj be the perpendiculars let fall upon a, b, c, 
from the opposite Tertices, we have 
p^==hmiC=esm£, p^^c sin A = asmC,p^ = a>imS = bim A...; 

and tte area of the triangle is expressed liy any one of the 
following seyeu equivalent forms ; 

apa ipi cpc ai sin C ho sin A ca sin B 



V(.(.-«) (.-»)(.-«)) or f<.. 



■■«-^-")-in'»'5-w 



The formula - =: ■ - ■ ■■ gives — 

a-h _ X.s.-akiA-B) 

a^b-U-o^^A^B)'" 
There are four circles ■which touch the three lines of a triangle : 
one, the inscribed circle of Euclid, touches the three sides; of 
the others, each touches one side and the other two sides pro- 
duced. Let p be the radius of the first, and />„, p^, p„ those 
of the other three. The area of the triangle is ^ (/va \ pi + pc) 
or ps i whence p. now used, is the same as p of the preceding for- 
miJa (6). Again, the area of the triangle is J (p„6 + prf - pa«) or 
(s-fl)/)ai whence 

Show that _ + — + - = - , 

P™ Pi Pc I' 

Let O; denote the projection of a on 6, with its proper sign, 
&c. Then 

iij = fl cost?, &c., 6 = fli + e^, &c., and we have 



We can now treat al! the cases of oblique-angled triangles. 
Of two givea sides or angles, let the greater of the two, when 
there is one, be denoted by the prior letter of the alphabet 
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1. Given tte three sides to find the angles. 
If one angle only be wanted, say A, take 

A _ hj^ -J) A_ I JH-b) (.-e) 

2 "■ V 6c 2 V be ' 

preferring the first for the greatest angle, the second for the least, 
K ail the three angles be wanted (or even two), take 
^ = V{{«-«)(«--S) («-.).«} 
tm^A = pT{s-a), taD.\B = p^(s~b), tan JC=p v(s- c), 
which verify each otiier, siiice J.^+J5 + JC= 90", 
This method was once much used. Since 
"b +Pi = "'- '^j' -t Pi = "'■ ("i - <^s) ("* + Cj) = (rt - c) (« + c), 
or a^-cj^-- ""^'^'" - -', ni + Cj = 6; 
from which determine uj and Cj, and then use 
cosf="^, co.^ = J. 

2 G e tno d anl the ncl ded angi ( 6 C) to find 
the rest. If ill he wanted calculate the angle ty means of 
their half a m a 1 Ulf 1 ftere ee thus 

li-f 5 90 ^0 tan( 4 iS) ~| tin (W ^(7). 

A = (,iA + iB)-t-{iA-iS), S^(iAi-iB)-tJA~l£). 
Lastly, c = a -. — — = h - — =, which ought to agree. 
If only the Bide e be wanted, take either 

„(.ti)„.,i„-?-V?l^'12.(.-iHc....n.!^'°i?, 

eay, for reference, 

(a + b) cos S, and (a - b) -, cos T,. 
Or thus, J„ = ScosC, ;^„ = 6 3ina, which find: 



which is a direct reduolion of tlie solution to that of right-angled 
triangles. 
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3. Given one side (e) and two angles, required the other 
sides. Calculate the thiid angle, and then use 



but if C be obtuse, use A + S instead of C. Or, in any case, 
A-i-B may be used, taking the cosine of the excess above BO* 
(which excess is easily found -without pen and ink) when A -v B 
is obtuse. 

4. When two sides and an angle not included are given, 
(a, 6, B), required the rest. 

First calculate A from sin iJ = — -r — • 
If o sin .B > &, sin A>1, and there is no solution. If asmB = b, 
then 6iii-i = !, and ^ is a right angle, as is its supplement: 
there is this one solution only, and i; = ocos5, C=9ff-S, 
But when awiB<b, sin^<l, and there are two solutions, 
one acute and one obtuse. Let these he A' and A"; and let 
C' and 0", <! and e", be the corresponding \alues of the third 
angle and side; then O' = 180° ^ .B - .<J', C" = UVf ^ B ~ A" , bx>A 

o^sinr _ l sin C „ ^ a sin C" ^ b ^in C 
~diA " sinB ' " " s.in^ " smB ' 

So far it seems as if we were sure of two solutions, when- 
ever osin5<i. But in trigonometry we are often made to 
observe what meets us so frequently in ordinary Algebra, namely, 
that in constructing the conditions of a problem, we are com- 
pelled to take in those of cognate problems. If we have not 
until now met with such a eircumstanee in this present chapter, 
it is hecau>ie in mere solution of triangles, we have not introduced 
info this isolated subject our conventions as to the measurement 
of angles, which would, as in page 10, oblige us to consider 
amtplefiiMS and opponents of Euclid's angles as among the angles 
of a triangle, and each cosine and tangent as belonging to two 
possible angles of a triangle. But each of two supplements may 
be the angle of a triangle : and when, m our construction, we 
have to use the sine of a given angle, we conjoin with our 
problem that one in. which the mppkment of the first given 
angle is made the given angle. Let B" and W be the acute 
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nd obtiae s pplements then ill ne ent tl A to ay tlat 

the preceding olut ons belo g eich ot the d to o e o 1 e 
otter of tte ti a ^Ics {a t £) ( h B) 

First suppose the g en angle to be <3\ poi to tl 1 s r of 
the gi en s des {S ) The 5 < 1 a d tl e o can ot 1 e n^ 
obt s yal p of 5 that botl eolut ons 1 1 n^ to tl e ac tc 
Tal e of 5 Secondlj let the given s les 1 o eq al (5 ) 

icn B ^ anl j( nu?t be acut*> d ISO B A or 
180 4 A s O 8 of the soluto s van lies nto 
straight Ime anO ll e othe s a i&o&celes t I'mgle Tl ir Uj let 
the given, angle be o] pof. te tl e greater of tl e g Ten s des (6 a) 
Tien ^ i tier ca ot bo a v oltu e \alue of 4. but botl 
value'' of B may be sed and one sol t on 1 elo gs to each 

alue The folio ing 1 ■igram vill expla i tl ei case 



Tliis double solution is, as might be supposed, indieatiye 
of the problem being one of tho second degi-ee. We hare 
V c' a'-2acaosS, c = acos£ ± -Jib' - a' sin' B). 

He e a P is ^i^, and ± VC** - «' sin' B) is 6^ with its sign, on 
he su] pos taon that c is measured positively on the side of the 
ac tc valu of ^; « cos J5 is «„; and the above equation is only 
a +b n which c has its proper sign. The consideration 
ot this p oblem, and of its connexion with Euclid VI. 7, will 
be a useful exercise. 

The following table shews all the parts of a triangle and 
their logarithms for exercise. 

a = 15-336 logo = l'ie28710 s - a = 3-098 Iog(s -a) = 0-4910814 

6 = 12-414 log5 = l-0939in s - i = 3-920 log(s - 6) = 0-7723217 

c = 9-OIS logc = O-05511O2 s - c = 9-316 log(s - c) = 0-9692295 

6 = 18-334 logs ^ 1-3632572 />s = 55-96866 logps = 1-7479449 

[ ■!■ 6 = 27-650 log(o + &) = 1-4416951 o - i = 2-822 Iog(a - 6) = 0-4505570 

> + c = 21-432 log(i + e) = 1-3310627 6 - c = 3-396 log (b-e) = 0-5309677 

1 + c = 24-254 log(a-^ c) = 1-3847834 « - e = 6-218 Iog(a -c) = 0-7936507 
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ON THE SOLUTION OP ITIIANGLES. 





log. sin. 


log. COS. 


log. tan. 


A =^ 89 9 2^-H 


i-9999530 


2-16792G8 


1-8320262 


B =5i 33 25'12 


1-9109937 


J -7633479 


0-1476458 


=36 17 11-48 


i-7721922 


i-9063714 


1-8668208 


^A = 44 34 41-77 


1-8462647 


1-8526583 


1-9936064 


ij = 27 16 42-66 


i-6611649 


i-9487989 


1-7123661 


iC =18 8 35-74 


i -4933102 


i-9778520 


i-5164383 


i(^-J5) = 17 17 69-31 


1-4722989 


i-9796951 


i -4924039 


^(5-C)= 9 8 6-82 


1-2007531 


i-9944564 


i-2062988 


i(^-C) = 26 26 603 


i-6485379 


i-9520365 


i-6963016 


S. = 44: 41 30-6 


i-8471366 


i-8318083 




«i = 59 12 30-4 


i-9340361 


i-7091283 




•% = 70 57 53-6 


i-9755783 


i -5134140 
1-3408970 
1-6997390 
1-4954464 




2; = 77 7 15-5 


0-6408380 


Tj = 69 56 28-9 




0-2375348 


r„ =71 43 50-9 




0-4821746 


p,= 7-347 logi)„ = 0-86 


61039 




Pi = 9-017 logft = 0-9550632 


p, = 12-413 logp, = 10938647 


6. = 10006 log6„ = 1-0002831 c„ = 5'230 iogc„ = 0-7184381 


flj = 12-281 logaj = 10892424 Cj = -133 logCj = i-1230370 


0,= 8-833 loga, 094b2189 6 183 lo„5„ - 1 2bl83S5 


Cases may occur m which the particular values of the dita 


render special methods convenienL For instance when a h L 


are given, and £7=180° C C being ler} email we mav 


proceed as follows: 


c' = a' + b'- 2ab cos (180° - C,) = a' + b^ + 2ah cosO, 


= (« + 6)' - 4«6 sin'^C, = (a h E)' |l - ^-^ sm' JC,]- . 


By the binomial theorem, V(^ - x) = 1 - ^x nearly, x being small, 


/ 2ah \ 2ai 


= (« + 6) [1 - ^^,. sin' JO,) = a + 6 - ^ sm' JC, 


" ' \ (a + 6)= '7 + 6 ■ 


very nearly. But einC, = 2siiiiC . cosfC;, or eosiO, being "verj 


nearly 1, ive have 


einiC, = isin(?,, sin'iC, = isin'O,, verynearly; 


ah sin" C 


e=a+fi- 


B, + ft ' ^ 


ery nearly. 
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88 ON THE SOLUTION OF TRIANGLES. 

If the ciicumscnbeii urcle be drawn, tils' angle of the radii 
diawn to the extrLmitics ot a, is the angle at the centre to 
whiuh A IB the angle at the circumfeience There 19, then, 
an !&o&celes triingle, in iihich i and j include either 2A, or 
360" - 2A, the thu;d side bemg a Consequently, 

B = 2»- sin (_A or 180° - A) : 
that is, 2r = a T sin A. The three sides of the triangle are then 

2»-sin-^, 2!-BinB, 2rsinC; 
and all the formulie become trigonometrical identities, if these 
he substituted for a, h, c. Thus, substitution in the formulje 
for am'iC gives us 

. . C_ (si&B + sinC- 8m.^)(sinCf sin^ - fdnB) 
^2" 4sin,4sin5 ' 

which is always true when A-i B-t-C= 180°. 

Shew that the line drawn from the vertex of A bisecting 
tie side a is V&ffi' + c=) - fo'} or i-J{b' -^ c' + 2be cosA). Also 
that the hne bisecting the angle A is 2bc cos ^ ^ v (i + c). Shew 
that 

16s (s -a)(s- &){s - c) = 2b'c' + 2cW + 2a'!i' -a'~b'- c'. 
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BOOK II. 

DOUBLE ALGEBRA. 

CHAPTER I. 

DESClllPTlON OV A SYMBOLIC CALCULUS. 

The object of this book is the construction of Algebra upon 
3 basis which will enable us to give a meaning to every syrabol 
and combination of symbols before it is used, and consequently 
to dispense, first, with all luiintelligible combination, secondly, 
with all search after interpretation of combinations subsequently 
to their first appearance. 

In arithmetic an.d in ordinary algebra we use symSofe of pre- 
viously assigned meaning, from which meaning, by self-evident 
notions of number, &c, are derived rviea of eperatiim. The 
student must understand by symbols, the peculiar symbols of 
arithmetic and algebra: strictly speaking, the written or spoken 
words by which meaning is conveyed are themselves symbols. 
And symbols must be explained by other aymbole, except when 
they denote external objects or actions, in which ease the symbol 
may be explained by pointing to the object present or the 
action taking place. Language itself is a science of symbols 
(namely, words) having meanings (which are described in the 
dictionary by words of the same or another language) and rules 
of combination (laid down in its grammar). 

No science of symbols can be fully presented to the mind, 
in such a state as to demand assent or dissent, until its 
peculiar symbols, their meanings, and the rules of operation, 
are aU stated. In this case we have but to ascertain — first, 
whether the peculiar symbols be distinguishable from each other ; 
secondly, whether the meanings are capable of being distinctly 
apprehended, each symbol having eillier one only, or an attain- 
able and intelligible choice; thirdly, whether the given rules 
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90 DESCRIPTION OF A SYMBOLIC CALCULUS. 

of operation be necessary consequences of the given meaninga 
as applied to the given symbols. If these inquiries produce 
as many affirmative answers, the basis of the science is so far 
unoly'edianable ; and all intelligible conclusions which are drawn 
from a correct and intelligible use of the rules of operation, 
are true. But yet it may be imperfect. 

First, it may be mcomplMe in its peculiar symhoh. There may 
be a want of symbols which those already in use suggest, but 
which are not made to appear. This is not the incompleteness to 
which algebra is most liable : it suffers more from its symbolic 
combinations growing much faster than the ordinary language in 
which they are, if possible, to be occasionally expressed. 

Secondly, it may be incompUte in its meamnyst For example, 
it may be capable of applying, with the same symbols, to more 
subjects than its actual meanings take in. This is one possible 
incompleteness, of a very obvious character. Another, of a much 
less obvious character, and which probably nothing but actuai 
experience of it would have su^ested, is this ; symbols, defined 
in a manner which makes them separately intelligible, may be 
unintelligible in combination ; their separate definiliona may 
involve what, in the attempt* to combine them, produces con- 

* The student may be surprised at my saying that we should 
never have imagined such a result in algebra without actual ex- 
perience of it: for it may strike Tijtti immediately that in ordinary 
iMiguage we may have not merely unmeaning, but contradictory, 
combinations. But the answer is that we are so accustomed to 
contradictory combinations, used in soma emphatic sense, that 
they are recognised idioms ; it even happens that they express 
more wid better meanii^ while they are fresh, and before use 
mates the contradiction wear off, than afterwards. When General 
Wolfe first used the expression 'choice of difficulties', which was 
contradiction, olioice then meaning voluntary election, he made 
those to whom he wrote see his position with much more effect 
than could have been produced a second time by the same words. 
Ordinary language has methods of instantaneously assigning meaning 
to contradictory phr^eB ; and thus it has stronger analogies with 
an algebra (if there were such a thing) in which there are pre- 
organized rules for explauiing new contradictory symbols as they 
arise, than with one in which a single instance of them demands 
an immediate revision of the whole dictionary. 
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tradtinTl dasmyb q ttlfit 

t J t frad t y n bin t in y is ft 

In tat fmmig dmy tob trad t -j d 

(idmnm tmhpp ththtn h 

b ht n f ntradi t n p bl th tl ght f 

I tit ) tei& tmnighldty ntra 

di t mb t t t th 

Thdlytmyb pi t n tts U f op tm Tl 

innplten mjam t th tonbltpnt f 
It nly to th pi t m tr bl th wth 

mpl ten uld b quk te E 7rultJ waitfmhh 

■w Id b p f It J b all d ^ rj( II 

wh ! It b d p d mth pt f th ti bl th t 

t! w t t th Id f, m > b t t I m rely 

q f th 1 > 1 d 11 d d I 

E h f th th t bj ts f d t p bar 

ymb b gill B llfpt myth 

bdfti dpdtl>fth tCaJ aiythdft 

far a. t m in m f th m t b ti ly t 

Thca fbltdfinywhhtnyb thwhl 

t n t 1 pn p lb t URt m th t 1 t t tl d 
fth pait ar fUw — 

I M g d -vie to ih rd pe I / b ! Uq 

ti bly 1 b m /S( b d p d f t p 1 i-mb 1 

daiywd,tak th plesTh isnm truth 
m m anin and nm p bltyfdwn„ nq 

(«-M-(a-6) = » + 6. 
than in 'the difference of the products of two numbers, each 
multiplied by itself, divided by the difference of those numbers, 
fpves the sum for a quotient.' Before the time of Vieta, algebra 
had always been much retarded by the want of a suffiBient use 
of pecuhar symbols. 

2. Pectiliar symbols, and meanings, without rules of operation. 
In this case the only process must be one of unassisted reason, 
thinking ou the objects which the symbols represent; as in 
geometry, whith has its peculiar symbols (as AS, signifying 
a line jriining tH"o poiots named A and H). But no scienci' 
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of eofcufefwm* can proceed "without rules; and these geometry 
doest not possess. 

3. I'ecuiiar symbols, and ruhs of operation, without assigned 
meamrtffs. Nothing can be clearer than the possibility of dic- 
tating the symbols with which to proceed, and the mode of 
using them, without any information whatever on the meaning 
of the former, or the purpose of the latter. A corresponding 
process takes place in every maimal art in which an assistant 
obeys directions, without understanding them. The use of such 
a process, as an exercise of mind, must depend much (but not 
altogether) upon the value of the meanings which we suppose 
are to be ultimately assigned, A person who should learn how- 
to put together a map of Europe dissected before the paper is 
pasted on, would have symbols, various shaped pieces of wood, 
and rules of operation, directions to put them together so as 
to make the edges fit, and the whole form an oblong figure. 
Let him go on until he can do this witii any degree of expert- 
ness, and he has no consciousness of having learnt anything; 
but paste on the engraved paper, and he is soon made sensible 
that lie has become master of the forms and relative situations 
of the European countries and seas. 

As soon as the idea of acquiring symbols and laws of com- 
bination, without given meaning, has become familiar, the stu- 
dent has the notion of what I will call a synAoUc cakuhts ; 
which, with certain symbols and certMn laws of combination, 
is symbolic algebra: an art, not a science; and an apparently 

* A calmihis, or aoisaes of calcuiatvm, in the modern sense, is 
one which has organized proceeaea by which passage is made, 
or may be made, mechanically, ftom one result to another. A 
calmlus always contains something which it would be possible 
to do by machinery. 

+ Those who introduce alffebraieat symbols into elementary geo- 
metry, destroy the peculiar character of the latter to every student 
who has any mechanical associations connected with those symbols ; 
that is, to every student who has previously used them in ordinary 
algebra. Geometrical reasoning, and arithmetical process, have 
each its own office: to mis Uie two in elomentary instruction, 
is injurious to the proper acquisition of both. 
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useless art, except as it may afterwards furnish tbe grammar 
of a science. The proficient in a symbolic calculus would na- 
turally demand a supply of meaning. Suppose hun left without 
the power of obtaining it from without : his teacher is dead, and 
he must inixnt meanings for himself. His problem is, Given sym- 
bols and laws of combination requind meanings for the symbols 
of which t]ie right to make those combinations shall be a logical 
oonseqi ence He tries ind s leceeds he mvents a set ot mean- 
mgs which satis±i the conditions Has he then supplied what 
his teacher would have gi'ven, if he had Ined? In one par- 
t cular certainlj he has turned his sy nbotie calculus mto a 
sign^ant any. But it dots not ftllow that he has done it in 
the way nhich hi' teachei would haie t'jiglt h n had he 
livi,d. It is possible that many* different sets of meanii gs may, 
when attached to (he symlols make the rules neceasary con- 
sequLUcea We may trj this in a snail wai with three sjmhols, 
and one rule of c nnexion Gnen symbols M Ii -\ Tnd one 
Bole relation of corabinat on namely that M-\-N is the same 
result (he it of whit kind soevei) as iV+ If Here is a sym- 
bolic calculus hon can it be made a signitcant one ^ In the 
following waj 8 among othti^ 1 JlfandJVmaj \i6 mae/nitudes, 
■i- the sig 1 of addition of tl e second to the first 2 M and N 
may be ? umbeii, and + tl e sign of niult!pl}mg the fb^t by the 
second 3 M and A maj be hues and + a direction to make 
a rectangle with the ■uitecedent for a base and the consequent 
for an altitude 4 M and A ma; be men and + the assertion 
that the antecedent is tht brother of the consequent o -M and N 
may be nations and + the sign of the consequent havmg fought 
a battle with the antecedent and so on. 

Wl may also illustrate the maimer m nhich too limited or 
too extensive a meaning u ttrfcres with the format on of the 
most complete significant calculi s In (1) limitation to mag- 



• Mist 11 vcrao questions lead to multiplicity of insweis. But 
the stude it loes not f illy expect this whe i he aoks an inverse 
question unless he be fimiliir with the logical charaiter of the 
predicate oi a proposition A always gives S what gwes Si 
answer i alwaj s and for aught that appears many other thmgs. 
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nitade is not neeessary, unless ratio and number be signified 
under tlie term. In (2), if M (only) were allowed to signify 
number, JV-i- M would be intelligible, bnt -M'+ J¥" would be un- 
intelligible; an impossibh symbol of this calculus. In (3), (M+2i') 
signifying tbe rectangle, (Jf+iV) + P would be unintelligible 
at first: further examination would show that the explanation 
is not complete ( and that the proper extension is that 3f ■^ JV+ P 
should signify the formation of tbe ^ight solid (rectai^ular paral- 
lelepiped) with the sides M, N, P. But Jf + iV + P + Q will 
be always unintelUgible, as space has not four dimensions. In 
(4), the extension of M and N to signify human beings, would 
spoil the applicabibty of the rule, unless the meaning of -f were 
at the same time extended to signify the assertion that the 
antecedent was brother or sieter (as the case miglit be) of the 
consequent. 

But when the ^j-rabols aie mani, and laws of combination 
various, la it to be thought pos-ablc- such a number of co- 
mcidences should Dccur as that the same i^mbolic combina 
tions Cunbmited in number) which expiess truths under one set 
of meanings, express other truths under another? Could two 
different languages be contrned, having tbo same words and 
gramm\r but in which the woids haie diiftaent meanings, m 
Buoh maimer that anj sentence nhich has a t 
the fii^Jt, should ilso have a true but a diftcient, r 
the second? This last question miy almost Cfrtamly be an- 
swered m the negative the thousands of arbitrary terms ■whicli 
a language presents and the hundieds ot grammatical junctions, 
piesent a possible vanety of combmations of which it would be 
hopeless to expect an equal numbei of comoidences of the kind 
lequired But Algebra has few symbols and few combinations, 
compaie'l with a language more explanitinns tban one ire 
practicable ind many more than haye yet been discoyeied may 
exist And the student, if he should herealtci inquire into the 
assertions of dilieient wnteis, who contend foi what each of 
them considers as the explanation of V 1, will do well tc sub 
stitute the indefimfe article 

"We can now form some ilea of the obi^ct m new, and we 
must aok, hrst, what are the ^teps thiough which we ha\e gone, 
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to inne ic algeb a as t ihnls in tie mmd of the student 
who commences thia book Thei are lei} irtfly as follows 

Bei^mung » ith s^c fie oi p' t ctiht artthmettc m which everj 
ajmbol of number has one meaning we have invented signs 
and investigated rules of operation An eas\ ascent is mide 
to qeneral oi timvenal a tthmefu: m nhioh general symlola of 
numbei are invented the letters of the ilphahat being aj plied 
to stand for numbe s each letter havmg a numerical meining, 
kiionn or iinlinown on each occasion of its use And thus 
omitting many circumstances which have no particular refeience 
to our present subject, we arrive at a calculus in wluch tlie 
actual performtnee of computations js deferted imtil we come 
to the time when the laiues of the letters a e found or ass gned, 
Accordi iglj whereas m particular arithmetic ever j computation 
IS completed as it irises or declared impossible m universal 
arithmetic wt ha\e a cilculus of forms of compulation m which 
each numerical eo np itat on is only sigmfied ind not performed 
the pioMso f posiihle being anne\ed by a reasonei to every 
step ol evei) procews in which a chance of impoa ibilitj occurs 

Out of a few eases of difB.oultj theie is selected one which 
appears at first 'ight destined alnavs to make the proviso above 
mentioned an essential part of most pocesses of uniieraal arth 
metic It la the imjoisibh i^htracto- the constant appear nee 
1 problems ot a demand to take the greater from the less to 
saj how manv units theie are in 6 30 loi mstince An ex 
amination of the cncumstances under which sich phenomena 
occui sliona inductnely thit their pioducing cause is alwai^ 
this that either m the stitement of the pioblem or m ita treat 
ment ^ome ne quantitj is supposed to he of a kin 1 di'ui etri 
cally opposite to that which it ought to be 

Simple number the subject of abstract aiithmetic be it par 
tioulfli 01 um^ersal fails to show any acknowledgment of a 
diatinetion which stnkea us m ilmost e\erv notion of concrete 
magmtude Measure 10 feet fiom a given poi t i a ^nen 
Ime the command is ami iguo is 1 1 til i e are t Id \vl ich of 
two directiois to take \ sun of money in the cmcerns ot 
A and Co is ncapible of be n^ entcied u then books until 
ne krcv whether t I gain or loss A wciglt is generallj 
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of one kmd but not alwaj? the ■neght if a. billuon I'J a tvn 
dency m the du'eotion opposite to that oi mo&t we ghfs or 
rather the wnrd weight heing by uiage not allowed a double 
signification we say a balloon has no weight but 'jomethmg 
which IS the diiect opposite of weight A time one extreme 
epoch of i^hich is mentioned i6 not eufiieiently described until 
we know whether it is all before or all after the epoch And 
so on In every one of these casei the numerical quautitj 
of a concrete magnitude descnled by means of a standard 
unit IS not a sufficient desciiption it is necessary to specift 
to which of two opposite kinds it belong? ITus ipeciflcation 
mu^t be made by something not numetiutl number la whollj 
inadequate 

The first suggestion would be, it might be thought to ivcnt 
signs of distinction but universal authmetic makes a sug^es 
tion which forces attention befoie the necessity foi distinction 
IS moie than baieh percened Should we evei suppose that 
the lesult ol a problem is gauij oi di tance m one direction 
or tune after an epoch &,c when it is in leality saj 4 of ioss 
or ot distance in the opposite direction or of time before 
the epoch 6^c the inswei always piesciito itselt is 4 i 
m {m + 4) 01 as some version of the attempt to t ke awa^ 
4 moie than theie are to be taken awaj It is then j idged con 
vement (that the convenience imounts to a necessity is hardly 
seen at that peiiod) to make 4 the symbol of 4 unit* of a kiud 
diiectiy opposite to those imagined in 4 or + 4 And tlua 
IS the first of the steps by which umversal arithmetic becomes 
common oi single algebift. hee Algebra pp 12 It and 44-66 
tor more detail 

This word nm/^ as appLed to algebra la denved from space 
of one dmiension or length in which it la always possible to re 
present the effect ot eieiy inteliigihle operation of smgle algebra 
and the inteiprefation ot everj result which admits of any 
interpretation at all "When we reckon time gain and loss tc 
It IS always possible to translate our reckoning into tern g of 
length, as follows : 
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Take anj point O, in a eti'ught line vrlweh cxll the zero-poi/d, 
from whieli all measurement is to btgin Let OU represent the 
unit of an; particular magnitude, and let magnitude'; ot one 
kind, laj gams, he measured toniids A, and losses towards B 
Succesbive gams and losses may be taken off, and the final bilanee 
exhihited, hy the compasses As long as the result is always ol 
one kind, so that an assumption to that eflect would ne^er 
render the processes of pure arithmetic unintelligible, the sue 
eeesive results alwajs appeal on one side of O but the moment 
a result of (he eontrirj kind ippeai?, (which, unless the anth 
metical computer were awaie of it, and had pioMded accord 
inglj, would leave hmi with an attempt at impossible subtraetioii 
on his hands,) it is indicated on the opposite side of 

The convention as to the meimnj; of -i- 1 and 1, namely, 
that they shall represent umts ot diametiicoilv opposite kmilB, 
!s a very bold one not merely because it takes up 'igns which 
are oiiginally intended for nothing but addition and subti-ac 
tion, and fiiea another signification on them , but because it ef ill 
employs them to connect quantities, and ly a new hmd uf 
connecum The signs m fact aie used m two senses, the dnec 
fivi and the con/uncttve + ( 3) tells us, bj vntue of , what we 
are talking of, and bj virtue of + ( ) how we aie to join what 
we talk ol to the rest. As conjunctive signs, + means juHcfton, 
or putting on what we speak of and means removal Thus, 
if + and - m the directive sense indicate gxin and loss, the 
question. What is 

(-3) + (*«)-<-'H(-4)-(t3)? 
s the followmg — A n an 1 se 3 and get a ga n ot 8 n th 
the removal of a loss of the acces on of a loss of 4 and 
the re no 1 of a ga n of 3 what s tl e tel effect ot all 
these actons on his prey ous jropetv'' Tie anener is the 
acce son of a gan of 5 (+5) 

The n ere begu ner is allow d to si de mto s ngle algebra 
iron m eraal ar thmebc m a man er nl ich leads him t undei 
rate tl e mag utude of the ha gc I do not see thi t ten 
be othcrw se hut at this penud n y reader may be made to 
observe that the process v ishcl we sh 11 pa.s lion sngle to 
double algebra is tl e surest an \ most den oust at ve (peihaps 
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the only demonstiatn e) mode of passing fioni unneis'il nilimetic 
to -.m^le algebra It is not until lie can diop all me-jninga. 
ix)llect lie laws of combination of th.e symboU, md to form 
a puiely eynibobc calculus, ind then pioceed to furniBli that 
rilculus with extended meanings, thit he bei-omes hilly mastei 
of the change But the close resemblances, which make the 
slide above reierred to so easy, might m^e it doubtful whether 
he would be fit f^i take proper note of this case of redwtion 
and »es(0Kirfw«' untd he has seen a more etriking form of th( 
same process, namely, that which ib exhibited m the tiansition 
tiom single to double algebra. 

When the earliei algebiaista first began to occupy tbemBelves 
with quectiona expressed in general terms, the diftculties of 
subbictioii soon became obMOus inasmuch is the greater would 
sometimes demind to be subtracted fiom the less The science 
has been brought to its piesent state through three distinct steps 
The first was tacitlj to contend foi the principle that human 
faculties, at the outset of anv science, aie judges both ot the 
extent to which its results can be carried, ind ol the form m 
which they are to be e-ipressed IgnoKoice, the neoesnary pre- 
decesaoi of knowledge nas called naime and all conceptions 
which were declared unintelhgible bj the formei weie supposed 
to hai e been made impossible bj the latter The hrst who used 
algebiaical symbols m i general sense, Vieta, concluded that 
subtraction was a defect, and that expressions containing it 
should be m e^ery possible manner a\oided Vitmm negatumts, 
was his phrase Nothing could make i moie easy pillow for 
the mmd, than the rejection of all vhich could give any bouble, 
but if Euclid had altogether dispensed with the mhwm paral- 



* Algcbri, ul jeh> e al molabala, lestorition and reduction, got 
its Vtaliic name, I have no doubt, &om the restoratiun of the term 
which. Lomplates the square, and rediulum of the equation by e*.- 
tcactmg the square root The solution of a quadiitic equation 
was the moat prominent part of the Aribio algebra Alter the 
ordei of the words, and the phrase may well represent the Imiil 
mode of estabhshing algebi'i > ducium of umTetgal. irithmetic to 
a symbolic cileulus, followed bj reatoialioa to si>niicance under 
extended meaiimj,H 
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klorttm hia geometn 1*0 ild have been co ifined to twentj 'ix 
propos tions of the tirst book 

Tte next and 'jecond step though not without considBrable 
feuh yet iToiied the eiroc of snpposmg that the learner \ as 
a competent eiitic It consisted m treating the result? ot algebra 
88 necessanlj larue and as representing some relation oi other 
howeier inconsistent thej might be with the suj^sitions tiom 
which thev were deduced. So soon as it was shewn that a 
particular result hod no e\Htence a* a quantity it was permitted 
by definition to ha\e an existence of anothei kind into which 
no partieulai inquiry 'wai made becauM the rules unlei which 
it was found that the new symbols would give true result? did 
not differ &om those pievioualy apphed to the old onei A 
symbol the result of operations upon syuiboU e ther mi^nt 
quantitj or nothing at all but m the latter cage it was con 
ceiTed to be a certain new kind of quantity and admitted as 
a aubiect of operation though not one of distinct conception 
Thus 1 2 -ind a (o + 6) appeared under the name ot negative 
quantifies, or quantities leas than nothing These phrases m 
congruous ea they always «ere maintained thei gioand because 
they alwaja produced a true result nheie^er the) jioduced any 
result at all which was mtelhgible that is the q lantity less 
thin nothing in defiance of the common i otion tl at ^11 con 
ceivable quint t es aie greater than nothu g jnd the uquare 
loot of the nei^ative quantity an absirdity constiicted upon an 
absurdity alfiiyb led to tiuths when they led lock to atithmetio at 
all or when the inconsistent suppositions dcbtroyed each other 
This out^ht to have been lie most startling part of the whole pro 
oeis That contoadictiona might occur wa. no w nder but that 
contradictions should uniformly, and without exception, lead to 
truth in algebra, and in no other species of mental occupation 
whatsoever, was a circumstance worthy the name of a mystery. 

Nothing could prevail against the practical result that theorems 
BO podueed were true ; and at last, when the interpretation of 
the abstract negative quantity shewed that a part at least of 
the diificulty admitted of rational solution, the remdning part, 
namely that of the square root of a negative quantity, was 
received, and its results admitted, with increased confidence. 
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The single algcbr wh mpl t 1 d t m ttU g bl 

combination of symb 1 v* 1 * ™ ^ t 11 g bl tl was 
-1 wben it first pre tdtlflth ax dg f 

absurdity in absolute tdiU fte Tb ill 

whieb leads to a van tj f truth (p\, 41) p int t tli t t 
"must have a logio" (page 41, note). I now proceed (page 92) 
to collect the s5Tnbol3 and laws of combination of algebra, or 
to describe SymboKo Algebra. 
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CHAPTEE II. 

ON SIMBOLIC ALO-EllEA, 

Ilf abandoning the meanings of symbols, we also abandon 
those of the words which describe them. Thus addtium is to 
be, for tbe present, a sound void of sense. It is a mode of 
combination represented by + ; when + receives its meaning, so 
also will the word addiOm. It ia most important that the 
student shonld bear in mind that, mtk one exceptMfi, no word 
nor sign of arithmetic or algebra baa one atom of meaning 
throughout this chapter, the object of which is iyrrAoh, arid 
their laws of comhmation, giving a s^bolie alffehra (page 92) 
which may hereafter become the graiwnar of a hundred distinct 
significant algebras. If any one were to assert that + and - 
might mean reward and punishment, and A, £, C, &c. might 
stand for virtues and vices, the reader might belieye him, or 
contradiDt him, as he pleases — but not out of this chapter. 

The one exception above noted, which has some share of 
meaning, is the sign = placed between two symbols, aa in A = £. 
It indicates that the two symbols have the same resulting mean- 
ing, by whatever different steps attained. That A and -B, if 
quantities, are the same amount of quantity ; that if operations, 
they are of the same effect, &c. 

The following laws are not all unconnected: but the unsym- 
metrical character of the exponential operation, and the want 
of the connecting process of + and x, pointed out in the last 
chapter, renders it necessary to state them separately. 

I. The fundamental symbols of algebra are 
0, 1, +, -, X, f, ()", and letters. 

In ( ) tliere is the best mode of expressing the peculiar case 
in which the symbol consisfa in position! as in A^, in which 
the distinctive symbolical force of the form lies in writing S 
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II It IB usual to call + and - signs, anil them only : but in 
laving down the luns of sjTcbolic al^lira, &e close connexion 
existing between + and - on the one hand, and x and - on the 
other requires that the lattei should al-io be called signs. Let 
the formei be called term-signs the latter facior-signs. It is to 
insist on tins connexion that I do not (for a whiie) introduce 
the more common synonyme's foi A\S and A -:■ S, namely AB 

III. A sjTnljol preceded bj + or - is a term ; by y or v a 
faefi/r. In A"' A is the base, B the exponent. When an ex- 
pression consists of terms, let them he called co-terms; when of 
factors, co-f acton. 

lY. Let and 1 he a co-term and co-factor of every nymbol, 
+ and N being the connecting signs of the symbol, but either -i- 
or -, eitier x or ~, iJiose of and \. Ai seen in 
A = (i^A=:lxA, 

= A\f) = A-(i = Ax\ = A=r\, 
= 4- 1 X ^. 
Thus and 1 are a kind of initial or starting symbols, the first 
of terms, the second of factors. 

It is seen that + and /., placed before a symbol, do not alter 
it : X .^ is ^, having reference to 1 understood, as in 1 x ^ [ 
and -^Ais A, having reference to understood, aa in + ^. 

v. Co-terms and co-factors which differ only in sign, are 
equivalent to term and factor 1. 

^■A-A = 0, xA~A = l. 
The more usual form of the last is 1 x ^ -^ ^ = 1. The starting 
symbol is frequently used in factors, but rarely in terms. The 
student is well accustomed to + .^ and - A, in abbreviation of 
-i- A and - A: but not to x A and ^ .4 for 1 x A and 1 -^ A. 
But he must use the latter a little, if he would sec the complete 
analogy of the term and factor signs. 

VI. A symbol is said to be distributive over terms or factors 
when it is the same thing whether we combine that symbol with 
each of the terms or factors, or whether we make it apply to 
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the compound teim or factor. Thus, looking at 

ABCD and i S GD, 
we see the " of the first distributed in the second. 

VII. Term^igns are distrihutive over terms, and factor-signs 
over factors; as in 

at fliU lengtli + (0 + -4-S) = + (04-^) + (0-5), 
1 -^ (1 X ^ -^ 5) = I -^ (1 > ^) V (1 - -B). 

Vin. The term-signs of factors maj lieloiig, each one of them, 
to any factor of the compound, or to the compound. 
-^ Ax - B = -(- A) X S = -i-) (A-< B). 

IX. Like term-signs in comhinalJon produce +; unlike, -. 
Like factor-signs in combination produce x; unlike, -^. As in 

+ (_~A) = -A, -(_-A)^iA, x(^A) = ^A, v(f J) = x.4. 

X. Terms and ftictors are convertible in order, terms with 
terms, factors with factors. As in 

i-A-S^-B + A, xA^B = ^BxA. 

XL Factors are disfributiTe over the terms of any cofector 
with the sign x. (The corresponding law for -^ factors can be 
deduced, and is not to be set down as fundajnental). As in 

and X (5 - (7) r ^ = .8 -^ ^ - C-f ^. 

XII. The relations of the starting symbols and 1, as es- 
ponents, are A' =1, A' = A. 

XIIL The exponent is distributive over factors with x (the 
case of ~ is deducible). As in 

(■KAxBy^xA'^'B". 

XIV. The operations of x and the exponential operation ( )' '^ 

successively repeated with the same base, are reducible to the 

lower operafious + and ,- performed with the exponents. As in 

A''^A'=A''-\ (A")" = A"'". 
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Any system of symbols ntLch obeys these rules and no others, 
— except they be formed by combinations of these rules — and 
which uses the preceding symbols and no others — except they 
be new symbols indented in abbreviation of combinations of tbeae 
symbols — is sj/iiibolic aigebra. Ordinal} algebra contains all these 
symbols and all these rules, but its assigned meanings do not 
make all results significant, I now proceed to combined symbols, 
and to a sufficient amount of proof by instance, that one who 
admiti these rules admits, as consequences, all the combinations 
of ordinary algebra. 

Let 1 + 1 bo abhrcTiated m<n 3; 2 + 1 into 3; 3 + 1 mto 4, 
and so on. Noii intioduce tile abbreviations of A k B and 
^i + -B, namely, AB and ~ . 

We have then ^ + ^ = 2^; for ( IV), A\A is X-'A^lxA 
or (Xl) (1 + 1)^ or 2A. Similarly, A\A-vA = ZA. Again, 
4^f 7 is ^A: for (x), 1x4x^-^7 is Ix4v7x^, or -4x4 + 7, 
Sir (vu), (vni), -4 X {!< 4 -i- 7), or f^ ; 

{A-B){C-D) is {xt)iA-B)C-{A-B)D, or, (xi) again, 
AC-SC'(AI)-BD), or (vn), AC-BC-(:vAB) -(-BB), 
or (IX), AC-BC-ADiBD; 

^=^, forx^xC+(5xC) is (VII), x^xC'+B + C, or 

(X), X 4 + £ X C+ C or (V), y.A~B,or^; 

^xO = 0; for(v) ^xO is A {\ B - B), or {TiL)'rAB-AB, 
which (v) is 0. 

From what precedes 5- -7, is S~~p- This is an instance 
A'^A 
of the deducible part of (XI) ; it is xAT{B+C) = ^(S-iA-i-C^A). 
The complete rule XI, in ail its parts, fundamental and deducible, 
is this: — A factor may be distributed over the terms of its 
cofiictor, with its iactor-sign or the contrary, according as the 
receiving cofiictor is x or f. Thus 

^ A ^ (B + U ■=■ {A X B -i- A X C); 



~ has been shewn to bo -^^ 



BD- BD' 
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l'x^"= is (XIV 


) ^"'-l, 


or (IX) ^— , oi 


(v) a; 


or (xii; 


So that ^'^ = -^„'' 


i ma JI-^"-^ 


-'' = A'' 


-"i 


SJ 


.{A'B^ 


' = ^^5-= (XIV). 


A' 




^' is A'» 


', or A'A 


', or AA; 'A' is 


AAA, 


&c. 


Ai gl,.. , 


[A^y^A' 


= A (XII), f,T A 


ijAi 


= ^; 


~A>:-B 


i. (nil) - 


HAxJ!, or t 


AE, or 


^-B; 


A « (JC) i. 


Ay.(>,ll 


K C), or (vn) ^ 


x(xJJ) 


X (x CI), 



or (ix) AxBxC. 

In this way the etudeiit muat examine narrowly a large 
number of fundamental operations, satisfying himaiilf that he 
could produce them from the ruke ahne, independently of every 
notion of meaning. The question is thia, — Might a machine, 
which coidd, when guided, make introductions and alterations 
hy the preceding rules and no others, he made to turn one of 
the alleged equivalent oomhinations mto the other. 

It will be exceedingly convenient to reserve the small letters 
a, h. c, &c. most strictly to signify pure combinations of the 
unitrsymhol 1, with any term or factor-signs, as +2, -f, &c.; 
and to use the capitals A, S, C, &;c. for other caaes. With the 
esception of e I shall use Greek letters only for angles. 
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CHAPTEB III. 

ON AlitEAS AND SOLIDS. 

I HAKE the fiist example of significant algebra 1o be an 
application of symbolic algebra to the geometry of right areas 
(rectangles) and right solids (rectangular* parallelepipeds), be- 
cause the application ii useful, and abounds in instances of the 
distinction between symbols which become significant under the 
meanings given, and those which are not signittoant. 

Howeyer clearly a student may see that the ordinary arith- 
metical proofs of the propositions in the second book of Euclid 
are not sound, except for lines which are eommenaurable with 
one another, yet, considering that every proposition which can 
be proved by such arithmetical proof )mist be traej (as may be 
otherwise eBtablished) for all lines whatsoeyer, it may be bus- 
pected that the mechanism of the arithmetical proof is really 
the mechanism of some sound and general proof And so it 
turns out, namely, that one of the significant algebras is the 
method of proof desired. 

+ and - are simple addition and subtraction; jI, S, &c. ace 
lines, if not otherwise specified, and it is easy to confine them 
to lines. Again, x in A / B makes the symbol mean the rect- 
angle under A and B ; the second >■ \n A , B -x. C makes the 
symbol mean the right solid under A, S, C. The symbols 
0. I, 2, &c. are as in arithmetic : thus 2AB is twice a reet 

• The length of this phrase is intolerable ; and I am in the habit 
of using the foliowing extension of the word rk/ht. As a, right 
line is formed by the simplest and most direct motion of a point, 
so the term right area might be applied to that formed by the most 
direct motion of a right line, and ri^ht solid to the solid formed by 
the most direct motion of a right area. Accordingly, the rectangle 
and the rectangular parallelepiped would be the right area and right 

t The perfect confidence which a mathematician puts in these 
proofs does not arise, as he knows, from their proying that their 
conclusionB aj'e true, but from their proving that they can (other- 
wise) be proved to be true. 
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angle; x, after a Bymbo! deriTed from !, meaning common mul- 
tiplication. ExponeDts, save only I, (understood, XII.) 2, and 3, 
need not appear. Heterogeneous terms are insignificant when 
put together : thus AS + C, the area of a rectangle added to 
a length, is unmeaniag ; as an area, the length is nothing. Again, 
A-^S is merely the ratio of the two lines; ail the rules become 
true under this meaning, joined with the others. A£^ U is the 
other side (C being one) of the rectangle equal to the rect- 
angle under A and B. And ABC^I) is the area of the base 
(D being the altitude) of o right solid equal to that under 
A, B, C. And ABC^DE is the altitude of the same, BE 
being the base. And A^ or AA is the square on ^^ A' or 
AAA is the cube on A. 

It will be very easy now to establish that these meanings 
give truth to all rules which have significance : to see the foUow- 

A{_B - C) = AS -AC, or, between the same pai-allels, the 
rectangle under the difference of two bases is equal to the dif- 
ference of the rectangles under those bases. 

AS~C='A-i-CxB, or the remaining side (C being one) 
of the rectangle equal to the rectangle undei' A and B, is equal 
to the proportion of S, which is expressed by the numerical ratio 
of A to a 

As far as + and - are concerned, this system is that of pure 
arithmetic. And A', ABCD (space not having four dimen- 
sions), are unintelligible. And wc have instances of forms which 
are significant, while equivalent forms are insignificant. Thus 
ABCD^B is unintelligible; there is no solid of four dimen- 
sions. But the equivalent form of symbolic algebra, y(-^JFxjKCD 
is significant: it is such proportion of the right solid BCD as 
A-mof E. Shall we then say 

A-^Bx.BCD = ABCB-^E^ 

Shall we say, in common algebra, 

0' 0* e^^ + e""''-' 

Both questions are to be answered alike. Those who can, 
in common algebra, find a square root of -1, will be at no loss 
to find a fourth dimension of space in which ABC may become 
ABCB: or, if they cannot find it, they have but to imagine 
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CHAPTEK IV. 

prLLIMINUU BBMAnrH 0\ P RliLL ILO-EBKi 

If takiiia; the rules of synbol c algtlia ne wee to ask 
tor an assig! me it of meaau g to ( 1)^ which would make all 
those iules tiue oi it no "hoild naturally he led to sdeot for 
consideration the rule (xii ) on wh ch the sjmbohc character 
mo t de] endi It is 

( l)i( I) ( I}'^ ( 1) 1 

or ^1 V-lMV-lNl. 

Conseq^uentlj \l 1 must satis^ this condition, that fimee 
suocessiTelj applied to + 1 hy the process of (whatsoever that 
be) It has the effect of chsngmg +1 into 1 

Thcie may he man^ signifcoint algebns m nhich this is 
done But the demand made bi common consent is that 
our completely signthcant ilgebra ^hail be in exte iiio ! of the 
defective system with which we coimence meaning that so 
fai a^ that system goes significanflj it shall be a part of tlie 
new svstem It would not help us with refeience to the mathe 
matics now established if fiftj completely sigmioant systems 
were produced unles'' m one or more of them the same stor} 
were toid as in the old algebra so far as this last teUs anj stoi} 
at ill We must have if possible (and I am to show that it 
la pos^ble) all that we do understand sfiU understood in the 
qame sense nith such enlargement of meaning as will give 
ygnihcance to sjmhola which we do not non understand Ac 
cordmglj + 1 and 1 aie still to '. gi ifj diametrically opposite 

Let us tl en examine one of the usual sjstemg of esplanatioi 
m nhiit we lave a diitmct [.onception of tno diamctneaUy op 
posed diiections of meis irement, and of no n ore Let it be time 
Can we form ani n tion of an operation upcn time (+1 being 
an htu! futni, measured from a certain tera) which being 
twice repeated, shall prod ice an hour past ( I)'' The answei 
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=pem'j obvioib go bitk an hour and then go back an hour. 
But a httlf c n'i leiation will ?how that this process cannot 
be repiesented by V-I For then ■\ 1 1 would mean 1-1, 
or and V 1 {V 1 1} "ould be ^ i 0) whic) (page 1(M) miiBt 
be Bes dps this opeiaticn go bick ai hour, is -1; and 
1-1-1 s-1 IS tequued Moreover since by the laws of 
algebra v" 1 cannot be toy positiie oi negative quantity, it 
nould be absuid to saj that V 1 1 could be so interpreted 
as to mean anj time luture all whn,li la already taken up by 
po^ tave quantitj oi any time past all which is taken up by 
negative quantity And we ha^e not any other notion of time: 
there is uothiig (except which will not do as seen) intermediate 
between tune lut ue and time past V, e may then safely assert 
that when + 1 means a umt of future tune - 1 of past time, 
this algebii significant as to all potJtive and negative quantity, 
must remam ns gniflcant as to 1 

tiext trj the simple notion of ga n and hse. If we could 
imagine a commercial event, uluoh danged £1 of otherwise 
certain gain into sometl ing ot an intermediate character, not 
truly descr bed either as gam or loss but such that, should 
the e\ent happen again t would convert the mtcrmediate state 
into £1 of certain loss — we might be prepaied to hope for a 
sign hcant algebia on this basis I will not say that such a 
bisis of significance is impossible but only that it has never 
1 eei produced though it has been bef le those who think on 
th s Bubjeet as a suggestion for moie th'in forty' years. "When 
in) one shall succeed m producing such an jntermedjat* state 
between gam and lo^ then the symbolic algebra will become 
siguficant on a sjstem of gam and loss 

At piesent however take what notion we may, which pre- 
sents the two diametiicalij opposite states (page 95), we find 
juiaelves at a los9 to make a notion of anything intermediate, 
except in one case LeTtgtk aid di eefion in a planef offers 



f X dismiss, without anything more than such allusion as will 
prevent my being aupposed to denyithem, all the bMes of sigmficance 
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an immediate solution of the question. We can pass from a 
line to its opposite, not only along the line, hut also by supposing 
fhe line to turn round. The conditioa at the beginning of this 
chapter is satisfied by supposing -J-l x to be a revolution through 
a right angle ; for a repetition of the process turns a line through 
a second right angle, opposes its direction to that which it had 
at first, and satisfies the equation - 1 = V~l x (V'l >< l}- '^^'^ 
observation contains the first thought which led to the icquir} 
into the question whether a completely fiigniflcant algebra could 
be constructed on definitions involving, not only opposite lengths, 
but lengths in other directions. And hence it is frequently 
staled that this result is derived from assuming -/-I as the symbol 
of perpendicularity. But this statement does not give a fair 
representation; that V-1 represents a unit of length perpen- 
dicular to that represented by + 1 is a eonsequeiice, not an as- 
smnption: and a consequence ot assumptions of a much more 
simple character. 

In inventing such a system, we ohriously found uii algebra 
on a geometrical basis of significance. Why this limitation P 
Because, except in geometrj, we nowhere find the varieties of 
diitinet conception which will afford meaning to our symbols. 
As before seen, we are not bound to this system. The moment 
any one shall afford us a distinct notion of time, or of mercantile 
result, intermediate between past and future, or between gain 
and loss, in a manner analogous to that in which a perpendicular 
is intermediate between the two sides of its coiTclative per- 
pendicular, that moment the system of symbolic algebra is as 
ready to apply itself to time, or to gain and loss, as now to those 
geometrical ideas on which it wiU presently be established in 



If OA stand for a pound of receipt, and OB for one of 

wMch may be found in length considered in three dimensions, or 
on olier thtm plane sulfaces, or in. lengths which are not recti- 
linear. The number of such bases is, I have not a doubt, quite 
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expenditure, it would lie perfectly ea=y to keep a cash aceoimt 
with, a pair of compas^ee, on. the line - + indefinitely extended. 
Measure off the amount in hand at the beginning, and set ofi 
all receipts (at OA for £1) towards the right, end all out-goings 
towatds the left, and the last point touched by the compasses 
would never fail to show the balance in hand. But what money 
does 00 represent? Again, with OA to represent the first 
year after the Christian tera, and OB the first year before, 
a pair of compasses will assign its place to every stated event 
that ever did happen, or that we can imagine to have hap- 
pened. But what eient happened at OC. .the Christian sera: 
and what adverb is proper to take the place of before or after 
(neither of which will do) in. the blank... By such considerations 
we may see that we do not restrict ourselves to geometry, but 
extend ourselves to it; with ample means of repiesenting all the 
notions we have, and introducing others for which most notions 
of magnitude afford us no analogues. And we may see the 
propriety of extending the meaning of a geometrical term, 
and calling lime, lo^ and gaia, &c., magnitudes of one dlmendort. 
But then arises the following question: Granting that we help 
ourselves in geometry, of what ueo is this algebra out of 
geometry, in problems which have data derived from time, 
or loss and gain, &c. P To put this question properly, it should 
he resolved into two, aa follows: — 

1. Suppose the problem is ' at what time after a certain 
epoch will an event take place which. ..[here describe the conditions 
of the problem]...' Suppose the answer to be, that the event 
must happen at 4 + 3-/- 1 hours after the epoch: what does 
this mean? It means that it is really and truly impossible* 
that an event should happen, undei the prc&ciibed cgnditions, 
at any imaginable moment, past or future and that the assertion 
that it can happen contains the assertions that wliat is, is not, 
thit a whole is no greatei than its pait, Ixc 



* The word impos^iblo hjh bccu 6u misused m algcb 
atuse of uiej.pltniilc, that the impossible ot oiduiaiv h 
"cant be— and never, never comes to pass," leciuiica 
ditional epithet to express it ai an algebraical work 
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As ionff as the meanings of ^mhols* remain unextended, "the 
essential ctaracter of imaginary expressions is to denote im- 
possibility: and nothing can deprive them of this signification. 
Nothing like a geometrical construction can be applied to them; 
they are indications of the impossibility of any such construction, 
or of anything that can be exhibited to the senses." 

2, Suppose that to the above problem we obtain an answer 
that the event takes place, say in 4 hours from the epoch, and 
that our solution is obtained by aid of V-1, which however 
disappears in the result. How are we free from the imputation 
of applying reasoning ,to contradictory terms, seeing we do 
not profess that, when time is the basis of significance, 'J-1 
has any meaning, I answer that, if time continue to be our 
basis of significance, we are unanswerably open to that impu- 
tation: but that, if we translate the terms of our problem, that 
is, subsfitute geometrical ones, and work a geometrical answer, 
our whole process is intelligible; and so many units of length 
as our geometrical answer contains, so many units of time does 
the answer to the original problem contain. Algebra takes 
cognizance only of units, not of what units they are, whether 
of length or time, &c. Each of its transformations is made 
in one way, whatever may be the magnitudes from which the 
units represented by its symbols are derived. A problem given 
in terms of one magnitude may be solved in terms of another, 
provided that every condition of the problem be faithfully pre- 
served. 
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This 13 a point which, to the beginner, may require some 
illustration. Suppose, then, we have this question ; — Two youths 
are aged 6 and 16 years ; when M-ill one he twice as old as 
the other? Answer, in 4 years. Now propose it thus: — Two 
youths have 6 and 16 apples; when will one have twice as majiy 
apples as the other ? The data of the question are insufficient ; 
there is no connexion expressed or implied between the number 
of apples one may get, and that which the other may get. But 
there was a connexion between their inci'ements of age, implied 
in the mention of time. aJid capable of being expressed. I did 
not say— 'Two yoTiths ate aged 6 and 16 yeais, and for each 
year which one advances in age, the other advances a ytar aUu, 
required, &c.' ; because the words in italics are necessarily duo 
to the mention of age. Now add to the second problem the 
tondition that for each apple which either gets, the second gets 
one also, and we have the first problem, in which each 1 is 
derived from a year, faithfully rendered info another in which 
L'ach 1 is derived from an apple : and the answer is, ' When each 
Sias got four apples'. 

It is a true method of finding the half of ten apples, or the 
haJf of ten years, to describe an equilateral triangle upon a line 
of ten inches, to bisect the vertical angle (Euclid I. 11), and to 
show (hat each of the segments of the base m 5 inches. The 
student must take care, m applying a complete s^nificant double 
algehra to questions of non-geometrical magnitude, that he does 
not fall into aa error analogous to that of supposing the equi- 
lateral triangle to be described upon the ten years, or the ten 
apples. 

The separation of essential from non-essential notions is a 
very important process to all who would think upon mathe- 
matical subjects. In the &st problem we see that tke answer 
is what it is, not because it is time of which we spoke, except 
so &■, that between any two moments, all person's ages have 
received the same accession. The distance run over by persons 
in the same carriage would have done aa well. The formation 
of symbolic algehra itself is a separation of the essential con- 
ditions of operation fi-om the non-essential: the rejection of a]I 
meaning over and above the pain's ef metming on which trans- 
formations depend. 
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There is another instance of lep^vation of essential notions 
which it will be necesRaiy to use In thmkmg of i process 
of arithmetic for u tance tl tie k the s iijert maitei of the 
science inl the mode of optiahon theie two things are dis 
tinct to those who can separate them But theie may he a 
difficulty in doing this is it possible foi eximple that we 
could think ot alditton without thinkmg of numbei or magni 
fule 01 thinking of more ^ This point ne shall try The 
subject matter ot arithmetic is nwnbet it*, piimaiy operition 
la ctmnttnff oi numeration This couuting proceeds from 
which represents and must repiesent the state of the mini 
with respect to the number attained befoie tht eountn g begins 
Memor* (and fni high numbeis reductive mode^ of e\pression) 
sale us tiom counting every tune we produte numbei for use 
\n} one who had forgotten se^en muat bej^n ts ehildien do 
first with none at all put o i otte put on another and sij two 
%.c unt 1 he comes to jcit ; Now let u^j suppose that he is 
to add seien to thee and that he hib forgotten both seven and 
the total He must proceed hist bj counting Be\en and then 
li) lepeating the piocesa of counting seven with no alteration 
except subsfitutmg 3 in place of 0, to start from Thus we 

'°^a°a!''^} 0, add one, 1; add another, 2; 6; add one, 7. 

'"'S™} 3, add one, 4; add another, 5 ; 9; add one, 10. 

Accordingly a and 6 be ng two ntegers the direction ^i\ en m 
lorming the aiitl metical s>mbtl a 4- 6 is proceed iiom a first 
formed m the same mannei as you pioceed hom fe form 6 
Now if a and h stand fo nrnnbeis we must of course think 
of number m doing this Nevertheless the descnptton of the 
operation contains no numencil idea, eacept nhen the subject 
matter is numerical It is onh Do with 1 as vou did With Y 
to make Z and eiery book of art on any subject whatever 
abounds with this species of dnect on It is seen m our MVmbohc 

algebra lor 5 is + JB so that in ^ + S it is seen ftat i 

only takes the place of 

Again let us think of anthmetical miiUipluvtton Here the 

sepT ation ct notion of opeiation tiom notion of sulject matter 

IS even m le easl]■^ male "UTiat is 7 ( MdS 3 » It s a number 
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which has a 3 for every unit which there is in 7. The direction 
then is, Suhatitute 3 for 1 ia the formation of 7. In place of 
+ 1 + 1 + 1 + 1 + 1 + 1 + 1 write + 3 + 3 + 3 + 3 + 3 + 3 + 3. 
Accordingly, » x 6 is always the result of substituting a for 1 
in the formation of S, or of proceeding with o as we proceed with 
unity in forming 6. This is seen in the symhols : for S is 1 >: 5 ; 
and ia. A X B, A talces the place of 1. 
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CHAPTER y. 

SIGKIFICATlOd OE SYMBOLS IN DODBLE ALGEBRA. 

This partipulai mode of giving t,:gnibcance fo symbolic ilgebra 
18 named from its nieaiimgs lequini!^ us to consider space of 
two diraenaions (or aiei) whereas (page HI) all that ordinary 
algebia requires can be repre'sented in space of one dimension 
(or length) If the name be adopted oiditiarj algobia must 
be cUled stTigk I first commence ■with the mere description 
of the symlols, and then piocced to establish the rides m 
Chapter ii 

All the symbols nhich in single ilgebra denote numbers or 
mignitudc in double algebra denote hjies, and not meiely 
the letti/th/, ot hne&, but their di>echons Thus two Jmes of the 
same length, but in diiicient dueotions, oi two Imes in the 
same dueotion, but of different lengths, must hiie diffeient 
Eymbola Acenrdipgl), each symbol is meant tn cnnvej s, do'ihh 
significafion it desciibcs the length, and dae<t]on, of its line 

IVo hmte bnei have the same diiection, when they are 
piiallel, and when they run in the same direction' on these 
parallels Thus, A and B being pomts AS and BA are not 
entitled to the same symbol and iS A, L f D be the points 
of a parallelogram in order, AB and DC haie the same symbol, 
but not iB ind CD Thus iB DC Js tiuc AB CD is not. 

The symbol has refeicnce to one paitienlai point, aibi 
tranly chosen but steadily kept to which may be calLd the 
ortgin By X 0, ne meai that X ha? no length it is the 
equal of a line, so to speik, which begins and ends at the 
orism Tlie line 1, is a Ime arbitiorilj chosen as to length 
and direction, but steadily kept to "When 1 is drawn fiom 
the ongm, the line in which it is, indehnitely extended both 

• The woid direction is used m two d ffereiit sen.'^ee Thus 
north and south aro diftcrent diiictions on a line and the lino of 
north, anl south, is one direction among hnci cut ot in mfinite 
mimher 
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ways, ia called the nnit-Kne, Afterwards, and particularly with 
reference to symbols of the form A", it will reeal properties 
if we designate the unit-line as the axis of ktigtk, and the 
perpendicular to it as the aans of direciimi. 

Since A and B are found from by progress over certain 
lengths in certain directions, let us first describe the line we 
choose to call A, and then, proceeding from its extremity, let 
B be set off. commencing from the completion of A. Let the 
third side of the tiiangle if we take the 
B which oommencei at the completion of 
4 or the diagonal of the paiillelogiam, 
if we take the S which commences fiom 0, 
be denoted \n A 'r B Then the operative 
direction m page 115 i" stnctly applied to ' 
a different auh]cct-matter To foim A\B, 
we put A in the place of in + B. " '■*"" 
And just IB in arithmetic 11 + 7 tells ug how fai we are from 
when 7 has been counted from and after 11, so here A-vB 
IS supposed to indicite how fu we are from 0, and in what 
direction, when 1-^ i-j joined to A And since (A^-B~B) I? 
to be ^ + 0, or + A, or A, annexing - B must be equiva- 
lent to going over a line equal and opposite to B. And A-B 
represents the length from O, and direction attained, by going 
over, first A, and then an equal and opposite to B. And-S, 
[standing alone, is - .B, or a line equal and opposite ti B 
from O itself. 

If A and S be in the same dlreciimi, Ai-B and A-B are 
as in single algebra: this will appear by following the above 
rules. And if we take the unit-line, it will appear that 1 + 1, 
or 2, ia two units of length in that line ; 2 + 1 three units of 
length in the same; and so on. All the symbols derived from 1, 
represented by small letters (p. 105) are lines in the unit-line, 
continued both ways: this partly appears already, and will be 
seen further. 

It thus appears, that what we here denominate addiUim is truly 
not addition of magnitude to produce magnitude, but junction 
ot effects to produce yomi effect. It is the process of the seaman, 
when he represents himself as having only made ten miles (that 
is, on his waj to port), when perhaps he has gone, on two tacks. 
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24 miles altogether liut h!' effectiTe pna;ievj is ( iili 10 mile'' 
In this sense, desciibing t»o sidei of a triangle, oi 13 milci 
each, may be of no raaie useful tfiect than describing tte third 
aide of 10 mile» Noi is theie, in one sense, the slightest 
objection to saving that 12 and 12 make 10 

Let us now eonsidei bj what process 1 (OX/) betornDS £ 
There is a change both m length and diiection the change 
of length is ac(Ojnplished bv alttiing Of in the ritio of OU 
to the length oi JB (or raultipl3ing Of by the numbe) ol linear 
units m the length of £) Ihe change of direction is made 
by turning OT'^ thiough the angle made bj J5 with OU Now 
substitute A in the plate of 1 
multiply its length bj the num 
ber of units in £, and turn it 
thiough the angle made bj -B 
with OU This proces"! '.tiicth 
follows the direction in page lib, 
and sf we igtee that the result 
shall be denoted bj A-r.S, ne 
have the following rule The " "^ 

length ot 4. /■ B is the arith iwtieal pioduct of the lengths of 

i and -B espre^sed in unto and the angle of ^i' 5 uith the 
unit line is the svm of the angles of A and S 

Before going lurther the student must observe that e can 
invent a method of represento g the dvplteity of our sjmbols 
Let letters placed jmfhm p re? theses have their mean ng in single 

algebra, and let (a a) 'Jignify a line ol a umts of length inehned 

at an ingle a to the unit line Thus 1 is (1, 0), 2 is (2, 0), &o.; 

-1 IS (1, r), and («, a^2m7-) (a, a.) Let A=(a, a) and £=(b, ft), 

then we have 

A>.£ = {ah, a + /3). 

This transformafioD is very easy ; but addition is expressed 
with more difficulty. We have 

,<.i6sin^l 
io + 6cos^/- 

Since A >: S ^ B k to be A, we have for the meaning of 
A ^ B as follows ; 




i±J!.\j{«- 



b- 1 2„i oo.(|3 - «)], 
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or the (ii'vision of this algebra consists in dividing the length 
of the dividend hj the len^h of the divisor for tht number 
of units of length in the quotient, and subtracting the angle 
of the dividend from the angle of the divisor fur the angle of 
the quotient Observe that wb need not, unless we please, 
use any negative number inside the parentheses ; thus (- 2, a) 
is (3, « + n-) and (2, - o) ia (2, 2^ - a), or (2, 47r - «), Sec. Per- 
haps at first it will be beet to avoid negative quantilies within 
these parentheses. The following are some examples ; 

3x4.(3,0)x(4,0) = (12,O),?=j-|| = g,0), 

- 3 X 4 = (3, tt) X (4, 0) = (12, w) = - 12, 

- 3 X - 4 = (3, !r) >; (4, ^) = (12, 2ct) = {12, 0) = 12. 
Hence it appears that in ths unit-line, iniiltipb.eatiQn and 

division are precisely those of single algebia. But for all other 
diredJons except ( , 0) and ( , ■n-), lines of the same direction 
have not products in that or the opposite direction. 

Let A.i, AAA, AAAA, &c., without any reference to ex- 
ponents, be called the second, third, fourth, &c. ptwers of A. 
And let -JA, ^ A, -j A, &c, be lines of which the meaning is 
defined by •J A x -^A, Va v '^A x \/A. fcc, being each equal 
to A, and they may be called the second, third, fourth, kc. 
roots at A. Then we have immediately 

AA = (aa, 2o), AAA = (aaa, So), AAAA = (aaaa, 4a), &c., 

V^ = (V", I) , 'U- (^«, ^) , VA = {ija, I) , &c. 

As explained in pages 43, 44. choice of values immediately com- 
mences, as soon as we have occasion to take a subdivision of 
an angle. Thus, since a + 2mTr may take the place of a, we 
may infer, as in the pa^es cited, that -JA has two directions 
whose angles differ by sr, half a reiolution; that -J A has three 
directions, indicated by angle? diflering by a third of a revo- 
lution; and so on. In fact that 

"JA is any one of K'n, - + m — ], 
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where m is any integer. Thus - I heing (1, 5r) we have for 

V-l citto, (l, I) or (l, t), 

or the sqtiare roofs of 'anilp are nfiiis* perpendleuiar to ike unit 
line. If, to draw a distinction, we denote (I, ^n-) by 'i/~-l, then 
-V-l will be denoted by (1, ^tt). 

As yet, every symbol or combination of sj-mbols from the 
umt line, in obeying the laws of double algebra, obep also 
those of single algebra; the code of the latter being merely 
a local chapter in the code of the former. But, for symbolf, 
in general, the theorems of algebra are assertions of a much 
wider kind. When we bay in double algebra that 

(7 X 7 - 2 X 2) - (T - 2) = 7 + 2, 
we repeat in substance a proposition of arithmetic, the greatest 
difference being that our additions and aubtraclJons are rather 
carryings forwards and backwards with the compasses than nu- 
merical efforts of mind. But in establishing 

{AA-££)-(A- 3) = A-tS, 
we shall establish nothing less than the following geometrical 
theorem. 

If there be two ^ven linra inclined at given angles to a 
line of standard length and direction, and if to the standard and 
each of them a thurd proportional be taken, and placed at an 
angle with the standard double of that made by the original; 
and if from the end of the first line so resulting, a line be 
drawn equal, parallel, and opposite to the second; and if the 
line joining the common interRection of the standard and given 
lines with the last found estremif) of this last line be called 
&Jirst result: and if fiom the extremity of the first given line 
two lines be drawn equal and parallel to the second line, in 
the same and opposite direeliooa; and if the lines joining the 
common intersection before named with the last found extremities 
be called second and third results.- then the second result is a 
fourth proportional to the third result, the standard, and the 

" Whafever may have been suggested by the consideralaoris in 
page 109, the reader will see that double algebra is far from bemg 
founded on the antanpUon that V-l detioies perpendte^larii^. If 
suggestion be foundation, it is more nearly founded on '^e separation 
of operation and quantity in arithmetiBai addition and multiplication. 
M 
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fii'at result, inclined to the standard at an angle equal to tJie 
excess of tliat of the first result over that of the third result. 
The student should verify some general theorems of algebra 
by actual drawing : this would give him practice in the meaning 
of the terms. 

The unit line, produced both ways, might well be called 
the line of single algehra; and the positive side of it the 
line of pure arithmetic. And it readily follons that aU symbols 
of douhle algehra are capable of being expressed hy symbols of 
single algehra amb d i/ / 1 /-l is the only peculiar 

symbol ai d hi si b a 

To show t! hret ob e e th t ^-1 "» (a. 0) x (1. i'^) 
or (a, i^r), o n units of 1 ngth perpendicular to the unit line. 
Let there be a hue B, and let t be p jected upon the unit line 




and its perpendicular into projections of a and h units of length. 
The tirst projection (a, 0) is properly represented by a : but 
NP is (i,i7r) or 6^-1= JVJf is b; and M is a\b^-l, by the 
definition of +. Thus we have a representation of any line, 
by means of symbols from the unit line and ^-1. 

Let R = (r, p), and let the projecting factors, by which a line 
at the angle p is converted into its projections, be called cosp 
for the unit line, and 8in/> for the perpendicular. Eemember 
that we here recoimnence trigor^metrg : nothing out of my _first 
book mil be used in this second until it has been proved again 
as a consequence of double algebra. "We may consider eoep 
and sin/) as by definition, the lengths of the prqjeelions of (1, p). 
Accordingly, by similar triangles, a = ?■ cos^i, 6 = rsinp, and 
S, or (/, p) is r cosp + r sinp . ■/'!. And then we have 
(1, p) - cosp + sin/> . -/-I, (r, p) = r (cosp + sinp . <J-l). 



y Google 



IN DOUBLE ALQEBUA. 123 

I ahall defer the consideration of tte symbol ()" until it 
has been established that all the rules in Chapter II., eseept 
SII., xm., XIV., are necessarily true of the above symbols. Ee- 
member that the symbols in parentheses, as (a, a), are strictly 
those of single algBbra, and can even be made those of pure 
arithmetic : and that those not in parentheses are always symbols 
of double algebra. Thus, at this moment, I ha\e hardly a i%ht 
to say 3 V 4 = 12 : bnt in (3, 0) ^ (4, 0) = (3 x 4, 0), coumion 
arithmetic gives the right to say that 3 x 4 ill the parenthetei 
is 12 : so that 3 x 4 is (12, 0) or 12 of the double algebra. 

I. All the symbols have been ma,de significant, except the 
esponential symbol () ". The new symbols, -J, V, &o., thongh. 
made significant, must be deferred till we treat of exponents. 

H. Ill, The student may now freely use AS and — for 
AySanAA-B. 

TV. In + ^ we see nothing but A, or rather a ease of A, 
which may have an infinite number of positions, and i A h 
that one which begins at the origin. In A ±0 vie only see 
injunction not to proceed fiom the second extremity of A in 
either direction. In common arithmetic, 7, for instance, written 
alone, might be the last ^ in 18 or any other number ■ but + T 
is the first 7 which is counted from 0- and 7 ±0 is a direction 
not to count beyond 7, either forwards or backwaids. la 1 x A 
we have A described as the unit altered into the length of A, 
and made to turn through the angle ot A: in ^ x 1 or ^ -^ 1 
we see A described with, further direction, 1 being (1, 0), not 
to alter its length, nor its angle. In common arithmetic, 1 k 7 
is unity altered into 7 ,■ and 7^1or'7-e-lis7 unaltered. 

V. The definitions of - and ~ were constructed to satisfy 
+ A-A = 0, and>.A-^A = l. 

VI. VII. Any case of Vll. may easily be shown thns. The 
application of -[■ or - to a compound term is a direction to let 
the result stand, or to change it into the opposite line. Now 
if we apply + to each of the wmple terras, each of them stands, 
and therefore their compound stands, which is equivalent to 
applying the sign + to the compound. But if - be applied to 
each simple term, or if each be changed into its opposite, it 
■will appear from common geometry liat the compound is also 
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s opposite; so tliat the sign - is applied t 




that the operations are 



g,..-^.g,.,-4„,(|,,^.),o,(?,.,*,^.), 



as before. 

VIII. The application of a term sign aifects only the 
angle; nor even that, unless the sign be -; in which case a 
revniution through two right angles is produced. Now whether 
this alteration be made on a factor or on the whole compound, 
matters nothing; for whether the factor sign he x or — , revo- 
lution through two right angles is of the same effect whichever 
way it is made. 

IX. The effect of + is merely permanence, that of -, oppo- 
sition. Thus, - (- A) is + A, for the line equal and opposite 
to the line equal and opposite to A must be A itself; other 
cases may he proved with equal ease. 

Again, V (^ ^) or 1 - (1 ^ ^), ^ being («, a), is (1, 0) (i, ^ A 



,r|l^l,0-(-«)}, or(«,a), or 1>.^. 



X. The first part of this rule, that relatmg to terms, is 
obvious : + -i + jB is the diagonal of a certain parallelogram, of 
which + A and + ii are sides ; and i- B + A is the same diagonal. 
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Hence any two conseoutive terms may be made to change places ; 
for ^ + 5 + C-i> + .E = (^ + £) + (+C-D) + £ 

{4 + S)+( D^L)-\I}= -i + B D^C + E 
And if in aiij aiungement anj two toiibocuti\e lymboK may 
be mirle fo ciiange places, it toUo'wi. that by change after 
change, any one order may be concerted into any other 

As to the fiotoia, it is plain that \ and each indicateb two 
diBtmct operations, eithcsr ol which is cipablt of hemg per- 
formed without the othei These operations aie sepiiatelv of 
the convertible character, and their joint result 13 the s'une for 
mstance, 

AxB = {a,a)x (6, ^) = (ah, a + (3) = (6b, /3 + a) = JJ x ^, 

XI. It may help us here, and elsewhere, to remark that there 
is no essential distinction between + and -, or between x and -^. 
Thus A^-B i& A-irB), or («, a) + (J, fi) is (a, a)-ifi, ^ + ,3). 
And A~B \s. A^{l^B). All cases of this rule may then 
be contained under 

A(B-vC)^AB-^AC. 

If any number of lines he multiplied by A, it is obvious 
that the products make the same angles with one another as 
the originals, since each angle made with the unit line is in- 
creased by a. Again, the lengths are all increased in the same 
proportion, their units being all multiplied by u. If then the 
sides and diagonal B, C, B \ C, \ui all multiplied by vi. we have 
AB, AC, A{B \ C), sides and diagonal of another parallel- 
ogram. Therefore ^(5+ C) = Jif-+^a 

With the exception of what relates to exponents, we lia^e 
now a nght fo afiirm that symhohc algebra le truly rendered 
significant by the preceding definitions , and that, so far, every 
identical equation of ordinary algebra is also an identical equa 
tion of double algebra And further, that all oidinaij or single 
algebia is so much of the double algebra as lelates to the 
symbols of Imes taken m the unit Imt 01 its continuation These 
mci liable, unless it can be ?hown hrst that 
I mdispcnsable lule of opevation it omitted in, and cannot 



y Google 



126 SIGNIFICATION OF SYMBOLS 

be deduced ftom, tJie rules in Chapter II.; and secondly, that 
such omitted mle, when broufjht forward, m found not to he 
a necessary consequence of the deflnitions in this chapter. 

But inevitahlo consequences are not always easily credible : 
particularly when very extensive and easily deduced consequences 
stand upon a very small basis of definition. And it is not 
easih ciedible th^t the whole of trigonometiy should be capable 
of re establishment as a consequence ot these defimtion'j, after 
throwing e^ery pait of the first book awiy except the deft 
mtiona of cosi? and sin^ 

A close exammibon of all the definition, ind nf ill thi 
demnnshations of the sjmbtlic lules will show thit nothing of 
geometrical theorem is assumed except tlie doUnner, of parallel 
lines and siimla) tnangles Ne\ ertheless, what amounts f) an 
aiithmetical demonstration of Euclid I 47, can be immediately 
produced 

It IS seen that (1, 0) x (1, tf) = (1 d- 0) 1 But (1 C) 
co8fl + sinfl.-v-l and (l,-0) = cose nad / 1, and then 
product ia cos cos + sine sine, which ie tiierefore = 1. Accord- 
ingly r cosff . r cosS + r sai.6 . r sinfl = rr, which is the arithmetical 
form of I. 47. Now it is undeniable that I, 47 is proved again 
(without reasoning in a circle) from parallels and similar triangles 
in TI. 31. There must be then, in our definitions, and in the 
operations which arc performed in 

(COS0 4 sine V-1) X (cos^ - mae^^J-l), 
something which amounts to such a deduction as is made in 
VI. 31, And this, it may be shown, is the fact. 

Take tie wider question following. From {1, 0) x (1, 9) 
= (1, + 0), we have 
(cos0 + Bin0.V-l)(cose + sine.V-l) = cos[0+e) + sin(0 + 0).V-l 

= cos(0 + O)^sin(0 + e).V-l. 
But a + li'/-l = <i -i-h' -J-l gives a = a' and b = b, since equal 
and parallel lines have equal projections. Hence we h-we 
cos(0+0) = coE0cos0-sin0sin0, Bin(0+e) = sin0co&(9 + co&0sine 
Now it can b; shown that the steps of the preceding multiph 
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cation are, in significance, the steps, not merely of a proof of 
these theorems, tut of one very commonly given. Let OJIf be 
the unit line, and OJf the unit, <^OJi"= i9, <BOJf=0, <£OC=0, 
<C0M-ip-i6, and construct the obvious figure. 




» XQ 

Accordingly, 

OP = cose, OQ = cos0, Oii = cos{0 + e), 

P^ = sinftV-l. Qff = sin0.v'-1, iJC = sin(0 + e)V-l, 
OB=OX+XR= 0X-{{~ RX)= 0X-\-{- FT), 



sc^MV+ rc 




xr+ rc. 






Now, as to lengths oaly, 










OB: OT 


OQ 


OX or 1 


COS0;: 


OS0: 0X = 


COS0 COS (9, 


OB:BQ 


CT 


TV 




VT = 


sin0 


mO, 


OB:BQ- 


OT 


TX 




TX = 


sin0 


.ose. 


OB: OCt 


TC 


VC 




vc = 


COS0 


line. 


Therefore 


using the geometrical designations a 


s symbols of 


double algeb 


•a, 












OX-(cosfloo 


0,0) =(e 


s0,O) X 


(eos^,0) = 


OQx 


OP, 


- rr=(si 


0sin 


6,^) =(s 


n0,ix)x 


(sine, W) = 


OSx 


PA, 


xr=(si 


0CO 


e,» = (. 


n0,i7.)x 


{cose,0) = 


QBx 


OP, 


FC = (co 


s0sinC, ^) = (c 


s0,O) X 


(sine,|^) = 


OQx 


PA, 


OAxOB = {OP + 


PA) {OQ 


^QB) 












= OP.OQ i- QB.PA + OP.QB + OQ.PA, 






^ox + {-rr) 


t XT+ rc. 










= 0E^ 


RC= OC. 






Here, firs 


, we 


have formed OC, or 


(1, <!> -te) from OAx OS 



it of the actual geometrical trans- 
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formation, which goes on at each step : secondly, in so doing we 

have been led to 

OM= OF.OQ+ QB.FA, 

or cos(0 + 0) = cosflicose + (sin^ . ^-1) (sin0 . V-1) 

EC= OP.(iB+ OQ.FA, 

or sinl0 + 6*).V-l = (sin0. V-1) cose + cos0(aine. V-1). 
And by this and similar instaiiGes wc may satisfy ourselves that 
the mechanical operations of double algebra are, when the mind 
takes cognizance of their significance, true proof of their results, 
just as is the case when they represent no more than arithmetical 
notions. The great difference is, that in the latter case we are 
much more familiar with the subject-matter, and more readily 
leam to make mere operation carry conviction. 
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CHAPTER VI. 

ON THB EXPONENTIAL SYMBOL. 

In proceeding to treat of exponents, it is necosgary to assume 
the knowledge of some ono system of aritkmeticul logarithms. 
"We cannot therefore (or certainly not at first) allow the word 
logarithm to he divested of its meaning, and to pass into douhle 
algehra to receive an extended meaning. Now since our ByBtem, 
dealing in lines, ^vca results by measwrement, the word logometer 
suggests iteelf as a convenient variation of the word logarithm. 
Let the logometer of A (denoted hy XA) he defined, as the 
result of some convenient operation on A which has the follow- 
ing property. 

An infinite variety of such operations may at nnce be given. 
For, since the angle enters in multiplication and division with 
the properties of a logarithm (as in — the angle of the product is 
the sum of the angles of the factors,— &c.), we shall find that, 
with respect to {r, p), Mlogr + Np, M and N being any fixed 
symbols whatever, has all the property required. 

If \B = Mlo^r + Np, we have, if being (>-', p'), 

X {RR or frr\ p + /) j = Jflogrr- + N{pi p') 

= JIf logr ^ Ni> + Mlo^r' + Np' 

Now as we wish to preserve the single algebra intact as to 
all tmitline symbols, we must make JW^ 1 ; for otherwise \{r, 0) 
would not be log?-. As to N, the moat convenient assumption 
is the form h-j-X, which would give XJ? = log!' + S/i.V-1. But 
it does not Ihnit us if we make S = 1 r for neither the base of 
the logarithms nor the mode of choosing an angular unit is yet 
settled (in this book), and the power of changing the value of h 
is supplied by that of changing the unit in which the angle is 
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expressed. Our definition of XS, is now contained in 

\E = logr ^ ji':/-!, 
or the logometer of any line has the logarithm of the length 
for its projection on the unit line, and the angle (meaning a line 
of as many hnear units as the angle has of angular units) for 
its projection on the perpendicular. And this is the connexion 
of the two axes with length and direction from which the terms 
suggested in page 118 are deriTed. Thus we have, it appears, 
a species of logarithm to iJ on each axis ; or a symbol which 
is augmented hy addition in multiplication, &c. 

In this symbol, \It, occurs, for the first time, a choice of 
meanings; and that choice is unlimited. For p we may write 
p ± 2fnw without altering the meaning of S : hut for each value 
of m we have a distinct logometer to S. And all the logometers 
of S are diagonals of rectangles standing on one base, logr, 
with altitudes p, p-^27r, /i + 4jr, &o., p-2ir, p-i^r, &c. 

But thongh every line have an infinite number of logometers, 
yet every logometer has only one primitive line. For if a + h/~l 
he a logometer, its primitive can have no length except the 
number whose logarithm is a, and can he in no direction except 
that indicated by the angle b. Consequently, if two primitives 
be equal, we can only say that any logometer of the first is one 
of the logometers of the second ; but if two logometers be equal, 
we can assert that the primitive of the first is equal to the 
primitive of the second. 

Now fake the following as the definition of the symbol A". 
Let its logometer be S\A : that is, let it mean the line whose 
logometer is S\A. If we use, for a little while, the inverted 
letter x> so that yA shall signify the line whose logometer is A, 
we may state that we use A" as an abbreviation of x(B\A). 

Let e be the base of the arithmetical logarithms used in the 
unit hne: and remember that e is strictly to denote a line at 
an anglo to the unit hne ; it is (s, 0), and {£, 2n-), or (£, 4ir) 
is, for a base of logarithms, or in connexion with logometers, 
to be distinguished from (e, 0). Also, observe that in bite 
manner as we have abandoned (till we recover it) the mode 
of measuring angles, so we do not yet say that s is the peculiar 
base of the Naperian logarithms: let it be any which it can 
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bo, until we sliow cause for preferring one base to another. 
Wc have then 

X£ = log J- 4 py'-l = {^(logV + P% tan-' j-|- j , 
xE = (numhei! whose log. is rcosp, rsinp), 
\(a + 6V-1) = ^log{«' + *') + taw ^.^/-I, 
\{a + b-/-l) = (number whose logarithm is a, i). 

Hayii^ ihown tliat the fundamental formulte of ti'igonometry 
ate deducihle from the double algebra, I now use the first book 
of this treatise, in every point except specifying the mode of 
taking an angular unit. 

The following are the proofe that, uudei the above definition 
of A", the laws of symbolic algebra are true. 

Xn. In A\ we are to see x(f> >■ ^■^)' or ^ (0 + 0./-!), or 
(1, 0), or 1. In A", we have \(1 i \A), or yXA, or A. 

Xin. We prove two symbols identical in meaning, if we 
prove any one logometer of the flrit equal to apy one of the 
second. Now, by definition, the logometer of (ABf is C\(AB)^ 
or C(XA + X^), or C\A + CA.-S. But the logometer of A'S" is 
X^° + XS^, or CXA + C\B. Therefore [ASf = A'^B'', provided 
that we use the same logometers of A on both sides, and the 
same of £ : that is, the same cases of u + 2mir and ^ + 2m?r 
on both sides. 

XIV. Since MA^A") is \J.''-i\A', or £\A -i- CKA, or 
(.C + C)'1>.A, which is a logometer of A'*'^, it follows that 

A^A" = A"'", 
if we use the same logometer of A throughout. 

Ag!im,\{{A^f) = C>^A^==C'B\A, which is a logometer of-^"^. 

Therefore (A")' = A", 

provided the same logometer of A be used on both sides. 

Nest it is to be shown that ivhen the exponerd is a symbol 

of the unit line, as in A", the above definitions of the exponent 

agree with those of ordinary algebra. This is in fact, contained 

above : for A" is ^'*', or A^A', or AA ; A^ is such that 

A^A^A^ = A^ = A; 
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wlience A^ la ^A ; and bo on, But^ once for all, 

A- = X (™^) = \ (m logd + ma -J-1) = (a™, ™o), 
from which all the eases can he deduced. 

For X(e,0), we have 1 + 0-/-1 or 1. Hence for e* we have 
^{AXe) or \..i. That is, €* must be our future way of ex- 
pressing xA ; and we have, as in ordinary algebra, A = €*■*. 
Again, (1, 0) has for its logoineter + f V-1 ; therefore (1, O) 
h e''-'-\ But this is eos6* + sin0.V-l: therefore 
^''^ = cosO + sine.,/-!. 

Here again occurs the difficulty of page 126. We get thia 
f n iamcntal equation on terms so cheap, that wc suspect its goodness. 
Ai d more ver, it camiot he always true, while e and the angidar 
un t aie both unnamed. The second side does not depend for 
t, nun e cal value upon what number is, but only upon what 
angle it represents. The first side is dependent for its numerical 
value upon those of e and ft If, for instance, we choose to 
halve the angular unit, so that the angle now containing units 
contains 20 units, the second side is unaltered. But 

cos26' + sin2e.V-l is e""^"', 

which is not e^''"'. Nevertheless it will be easy both to establish 
that some such equation must exist, and that a connexion exists 
between the base to be taken for the logarithmic system and 
the unit of angular measure. 

Having established all the fundamental rules, we may by the 
process in page 205 of the Algebra, interpreting the symbola as 
in the double system, show that any function which possesses 
the property /4 x/B =f(,A + S) must be of the form C*, where 
is independent of A : and cosff + sin^.y"-! is such a function 
of 0. Accordingly we must have 

C = cosfi 4 sinfty'-l. 

This result only differs from the former in that C, which is 
quite arbitrary, takes the place of 6''"', which is wholly un- 
determined. Return to the first, and observe that it gives 
e'''^ = cos 1 + sin LV-1, 
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■whidi is the relation that must exist between the angular unit 
and the base of the logarithms. If we were to make no appeal 
to common algebra, we should proceed with this equation to 
define the above relation, and in protees of time we should 
arrive at the re-iiilt that if the method of angular mcaaurement 
be arcual, the base of the logarithms must be NaperLan ; that 
is, that if angle 1 ha\e an arc equal to the radius, e must be 
,.11 



But as it may t>L. unsitistactory to leave luch a point bchii d 
us I will establish it on the following has a the binomial 
theoiem with a poeitne integei expcnent and the theo en s 
that log(l + a) X and tin a r both hi\e the limit unit; 
when x 1% dimiiished witl it limit with ot course the ei 
plained aymbok ot do ble ilge^ ra \i d 1 1 assuming tai x j: 
to have 1 foi t= hmit ne assun c, the iicuil imt 

Let us consider (1 + '^j . Its logometer is JBA (1 + ^-j . 
Now 

V^l.iior(l,g.(.,.)i.(;-, i-4 say(., r.„) 

(page 119) (l,0)+(7., ^-p]=|v(U2/.siiv.4n ^^""'(itSJv)} 

K (l . ^) = ^log(l -h 2. sin, . M) . tan-^^^^^.V-1. 
And, R being (eo3(i + sin/i.V-l) ^ ^i we have 

R\{l^'^\=P^Q V-l, where 
P = ^ log (1 4. 2S sin, + SV !!^ tan-, -l^e- , 

e . S;? log (1 + 2i .In, + *■) + ^ t,n- -i^?^ . 
2A ° k \ + Asin/j 

Now let the length of R increase without limit, or let k 
diminish without limit. Then we have 

l.e(lt2 i,ln,tgl _lo g(U2t ■!.,..»■) . 

k 2Ssm/j + fc" r /I r 
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and, taking that angle whicli diminishes without limit willi its 

1 _j kcQ&p _j S COSp , A COSp COB(i 

k 1 + A sia/> 1 + A sin/i it/; sin^i 1 + A sinji ' 

and the limit is cosp. Hence P has for its limit 
^C03/).2sinp - sinp cosp, or 0: 
Q haB^siii/>.2sin() + cosp.cos^i, or 1; 
and P-^Q'Z-l has -/-l. 

If then the length of 2t increase without limit, (1 + -/-l -^ -R)" 
has I'or its limit \(0 + li/-l) or (1, 1), provided that the logometer 
used liBTe an angle between - tt and + t, and that the logarithms 
used be of the system which gives log (1 + a) -^ ^ the limit unity. 
Let JJ = Kv'-l, B being integer; then 



'{(-sr 



has the limit (1, 1) : 






■without limit, (1 + 1 -^ w)" approaches the 
(Algebra, page 225). Consequently we have 



1*1+5+ 



2.3' 



nl.V-1, 



(11 e has the value used foi that lettei in single algebia 

Wt have now i completelv ^significant system of algebra, and 
the while contents of Btok I Chapter V are citabhshed b} 
demonstration if that chaptei be now inserted here 

The symbol \S is the first m nhich multiplicity of meaning 
occurs , a propertj which it oomm.unicate3 to .S.' All thi, mean 
mgs of this last symbol the distinction between the cises m 
which their number is inftnite and those in which it i 
6,c will be best seen by leduiing Ji° to another foim 






R a \- 



? + sV 1 






.(.■ti^?'-"""'i«'i'"""-""""'.l'- 
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since rs^''^' is r cost* + j-sin^V-l or {'■. &)■ Here (page 46) 
tan"' (h ~ a) may be any angle nith b - a for its tangent, in 

which the cosine an 1 fc le 1 avt tl e sit^n of a and b i id (o' + 6 / 
w taken mth ^ po'it^e i gn 

First It appears that when j ib not that s when the 
expoaeat w not a symbol of s ngle algeb -a the number ol values 
IS absoluteh unJin ittd But even in this ctse when p is 
rational traction the nimber of h)ecfi(ms is no more than me 
foi each unit of thi, dtaonrniatoi ind when, p is an mtegei 
there is only oi e direction (page 43 44) 

Next, when q -0, we have 



+ 6V-ir={("' + 5T. i'tan-'. 



which has only one length, and ai. many diiections as there are 
units in tha denominator of ^p. If p be incommensurable, the 
number of variations of direction is infinite. The case of 5 = 
is discussed in pages 45, 46. 

The effect of the term g /-I in the exponent, is the addition 
of ^ 5 log (o' -t i') to the angle, and the subtraijlaon of q tan"' (i t a) 
from the logarithm of the length. 

The student should exercise himself in the reduction of diflerent 
forms of .E' to significance, first, by the complete process, next 
by the formular refiiilt. For instance, V-l*'^- Here ij~l is 
any case of (1, 2jft7r + Jjt), and its logometfirs are contained in 

(2m!r + ^5j-)^-l, or (2m?T+i!r, 2w?T + iir). But 
(2mir + ^w, 2n-!r + Jjt) x (1, 2k7r 4 ^jt) = (2m7r ■)- Jb-, Sbtt + tt), 
for it is not worth while to distinguish 2n!T and Srair + 2k7r, 
n and k being any integers we please. This f^ is the logometer 
of the result required ; therefore 

V-I^-'={s'^*i)'— , (2mU)- „^J ( I'^l- 0} e'^i" 
Otherwise V-1 = " + 1 V-1 = "^ 

or V-l''"'^ is any power of e" wl ose e p n n n he 

...-3, 1, 5, 9, &c. 

The following fallacy has before now been se u y p opo d 
as an argument against the introduction of Ttag ay quan es 
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into oi-dinary algebra. Since 1" = 1, l''"^ = 1; but 1 = s "" , 
therefore (£="''-y-^ = 1 or a"'" = 1, which is absurd. If we try 
!-''■', we have XI = 2»)n- -^-X, V-1 XI = - 2m!T, which ia the logometer 
of (■'""', Accordingly, we admit the equation 1 " = t " i 
meaning that if m be any integer, positive or negative, e 
is one of the \alues of l''"'. And if m = 0, this is 1. But this 
last 1 is not t'"'"'; the first 1 is (1, 0), the second is (1, 2»-). 
How these should give different logometrioal results, double 
algebra makes manifest enough. The logometric operation makes 
differences of farm and lialm both out of differences of form 
loitTiouf difference of vahte. 

In the Rules XIII. and XIV, it is demanded that the same 
logometers of each symbol shall be used throughout; otherwise 
the relations are not fiue. Does the neglect of any analogous 
regulation lead to errurs in single algebra ? To try this, let us 
see if error may be produced. First take ^ .A" — A"*'^, and 
observe that XP = \Q + ii means F= Qe". TJiC a particular 
logometer in A^, call it X,^, and another, \^A + Inm -^'-1. in 
A". The logometer of A'A", thus taken, is 

B\A + C(\A + 2mirV-l). oi" \A''^''+ im^^C-J-l. 

Hence A^.A"- A"*" e """' ' , 

in which A^ and A^*" are formed from the same logometer. 
A very simple instance of the truth of this equation will show 
that beginners may commit a mistake in ordinary algebra. Let 
B = C=h m = l. Then we have A^A^^ A^e'"''^ = - A. But 
it ought to be +\A. This beginner's mistake is like the follovring: 
V4: = + 2, V4 = - 2, therefore V^ ■ V* = - *. or + 4 = - 4. The 
two different forms of A^ are formed from different logometers. 
Unity, when exhibited in the form s*""'' , is formed from the 
logometer + 2 njr V 1 and a exhibited as ae "" is formed 
from the logometei Ingn + 2mw^J 1 If we coniiider ss panaty 
that form of a lyn bol which takes its ingle from the ^rst 
positne levolutijn or from inclusive to isr exclusive ind if 
\^ denote the piiman logometer thence formed and if \^i 
denote the hgometer kgn + (o + 2im) / 1, and 4^" the value 
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of A" formed ft-om it, we have the following equations : 

A^^ = A," f'"'""-'-', AJ" = ^_^Bj2(".-»)'.EV-i^ 

The following equation, . = tt, very often found in 

hooka of algebra, merely means, when brought to significance 
by adoption into double algebra, that v -J-l is one meaning 
of X (- 1). 

In former days, it was not uncommon to object to the equa- 
tioB i/-l . V-1 = - 1| on tlie ground that it should be ■/(- 1 x - I) 
or VI or ±1- But it was hardly seen that, on this mode of 
reasoning, -^a.~Ja is -/«' or ± a, in all oasea. And moreover this 
last SB true, if </a be indefinite. For then it has two values; 
and if in V ■ V^i we are not hound to use the same value in 
both the first and second factor, then -i/a . i/a is + d, + o or - a, 
according as -Ju and V represent the same or different square 
roots. The two square roots of a are conatruoted on different 
logomefere; one on logu + 2mTr-J~l, the other on 
loga + (2m + 1) jrV-1- 
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CHAPTER VII. 

inSCELLANEOTJS KEMAKKS AND APPLICATIONS, 

The theory of logarithms admits, and even requires, an 
extension above what has been given tn it. The logometer of 
the last chapter answers to the ordiuary Naperian logarithm 
of algebra; we are now to examine what answers to the loga- 
rithm to any base. 

It will, at a future time, when a slgniflcant algebra is made 
the basis of elementary instniCtion. he a question whether the 
symbol should not indicate the amouni of reoolvMon of a line 
as well as its lengili, and dirention .' whether, for instance, (a, a) 
and (o, n + Stt) should not be distinguished by some difierence 
of symbol. But even at present, in all that relates to logo- 
meters, it will be coilvenient to adopt this distinction, Ac- 
cordmgly Jt may denote {r, /»), p lying between and 27r; 
while R,„ may denote {r, p + 2nnr). 

Let S or (6, ^) be the ba&e, it is required to find the logo- 
meter of _Yor (a', £) to tins base, defined by the equation S^>'^= S. 
The log-ometei- of the last chaptei his (s, 0) for its base. De- 
noting \X simply by \A we have \^X.\B = \X, or 

' " \2> logft + (3 V-1 ■ 
The extension in page 48, supposes S to be (e, 2mn-), and X 
to be a symbol of the unit line, or f = 2«ir or (2» + 1) t. When 

log*: logS ■■•■£: fi, 
wc have X^^ = loga; : logi = log{base 6) x. 

That (« + 6 ■/-!) must take the form j) + j ■/-!, a propo- 
flition collected by a laborious induction !n incomplete algebra, 
is now no more than was, in that algebra, the assertion that 
a real flinotion of a real quantity is a real quantity. For 
every combination of symbols can be explained, and everything 
eiqilicable is a line of definite length and direction, and every 
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such line can be repteeented by ^ + 5 -J-l. Nor is it more 
difficult to prove that jf ^ be a real, or, as we ahould now 
call it, unit line, fimotion of x, <}>{x - y •/-!) must be j3 - 5 V-l. 
For the same operabo pe formed on the s n e 1 nes w 
produce the same re ul ng 1 ne by wb er j boL they 
are denoted. Change t e po y ad neg-atLve ect ons 00 
the asis of direction a d Iso the po e and ne^at ve lire 
tions of revolution All tl e jmbol ot he u 1 1 ue b il p 
sent what they did 1 efo e b t he Ime wh oh e e o 6 1 
and^ + 5 ■J-l, are now a - & ■/"!) and p - q V~'' Therefore, the 
same operations on the same lines producing the same result, 
we have (o - 6 1/-I) =p - q ■■J-l ■■ but if the function should 
contwn oilier double symbols, as o' + 6" -4-^, &c. and if 
(« + i V-1, «'+ 6" V-1. &C-) =i' + ? V-1. 
then (a - 6 V-1. »' - 6' V-1. ^c.) =p-q V-L 

It would seem as if there is still left one source of inexpli- 
cable result: what is the angk a^-fi>/-l? what is the length 
a + b-^-19 or what is meant by the symbol {a + fi^-l, a-i-^-J-1)? 
There is nothing here except such a confusion of symbols as 
arises in arithmetic when, 7 + 4-3, for instance, is by mere 
inadvertence of operation presented as 7 + (4 - 5). We have 

a + 6 V-l = «^ '"*''"''''''**"'"'«"'"'. 

= {V(«VS')r'', tan-'^+«), 

a line of intelbgible length and direction. The suppositious 
which, assuming {r, p) as the solution of a problem, end with 
j- = a+6V"-li p = o + P'/~U a^e analogous to those which in ordinary 
algebra 'ntroduce the impoisible subtraction into the process of 
solution i^hen t snot ecessanlyp oduc d 1 the answer. 

If the a umjton of a length si ould lead to a + ySy'-l 
as the req s te angle t n cans that tl e length will not do, 
but that «e'' tt 11 lo ^ tl tie a le 

If we extend 11 e defamho s ot os6 and ?inO so as to derive 
them ftom the eq ation 
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>vc have, when 'is a unit-line symbol, their meanings unaltered'; 
md when $ is not, still an intelligible signiflcaljon. Thus 



Similaily sm {x-J 1) 4e cm be mterpieted 
The notion of eo t n ty geneially derived frun ordinary 
algebra it. con d e h loible ^I'tem If a init imbol 
gradually chac e fion po e to negata\e pacing throigh 
there i3 at the rnon of pa ng thiough. an insfa itaneous 
accession oi ir o 1 e an^le a d tV' 1 to the logometei Ac 
cordmglj the squa e oo s at once advanced bv t the 

cube loota by jt d o o But we art ipt to think ordj 
of length wh ch n the e que'ition does change contmu 
ously The onlj j f tlj ontinuou-' way of passing fiom x +a 
to K = - o, IS bj fiuppo ng change from to n-, or from 
to -IT, in !e fomula v o(cose ■(- sineV-l): and the cor- 
responding CO nuou pa s< ^e from x = a to a^ = i is obtained 
b) the same change made in 

X (« + B) -l- i(o 6) cos^* + 1 (o 6) BinC 1 

In this change all the roots also change continuou I) In 
many paits of the integral calcului lesult? which are inespli 
cible on the si pposition of chinge of length are at least in 
teUigible on the sippost on ol levolition of length though the 
connPMon of the two is nrt jet elucidated 

When the data ot a problem aro those of the cj^nficant 
sjstem ini one of tie proUcms which aie leallj impo^sihk 
whde the teims aio those ot tid nary algebra becomes possible 
as soon as the terms aie allowed the extension of double algebra 
Foi mstante t is reqmied to diiidc 2( mto two jirtt with 
the pioduet 6 The parts are a+ /(« fi) and a "/("'- 6) If 
a and 6 he numbers the pioblem is aiithmeticallj soluble if 
a i tc positive tlat is -da and & be unif-lme sjmbols the 
patts require 1 m the pioblem aie also unit line symbols But 
if i' b be negatHL. tie paits are 

«±V(5-«')-V-l. or {V5, ±tan-'^;^^^}, 

the product of these is (6, 0) or h, and their sum is n, for 



y Google 



AND APPLICATIONS. 141 

the parts are the sides of an equilateral parallelogram, of wliicli 
(a, 0) is the diagonal. But the parts are not now entitled to 
that name, arithmetically speaking; they are compmients, but 
linder a law of composition which is not merely addition of 
Inagnitude. 

The following the01:em, giyen by M, Cauohy for the deter- 
mination of the number of imaginary roots of an equation, and 
for the proof that every equation has as many roots as dimen- 
sions, can be established with clearness by the use of double 
algebraical meanings. 

Let X and y be the projections of k in (z, X), or the coordinates 
of the extremity of Z. Let 0Z= ^Z" + jJZ^'+ ... an integral 
function of Z: A, S, &c. being symbols each of which has only 
one value, or at least, of which only one value is to be here em- 
ployed. Write X + j/V-1 for Z, and let {j' + yV-1) =i' + sV-1. 
where p and g are real, or unit-line, functions of x and y and 
the unit-line symbols of A, S, &c. When j: and y are such that 
(a; + i/-/~l) = 0, let the point of which they are coordinates 
be called a radical point, single, double, triple, &o., according 
as there are one, two, three, &c. roots equal to xiy-^-1. Let 
the extremity of Z traverse any bounded contour whatsoever 
in the positive direction of revolution. As it traierses, note the 

changes of sign in - , at which the passage is through 0, neg- 

lecting the changes at which the fraction passes through <b. 
Let k be the number of times that there is a change from + to -, 
and I the number of times that there is a change from - to +. 
Then |(/t - /) is the number of radical points within the contour, 
on the supposition that each radical pomt counts as often as 
the root it indicates occurs. 

First, if the theorem be true for each of the contours into 
which the figure of a larger contour is divided, it is true for 
the whole. For if all these contours be severally described 
in the positive direction of revolution, each part, except the 
external boundary, will be described twice, in t»o opposite 
directions. Accordingly, every change from + to - or from - 
to +, on any part which is described twice, is met by another 
change from - to f or from + to - when the same line is 
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described in the opposite direction; and this for every thing 
escept the external c 




II then we film k-l ior eaih contoui, and sum the itwlls, 
It IS the same aa if we had lormed it for the external contoui 

Suppose the whole contour divided mto as many as may he 
neces-iar} of smaller ones, i,a(h of nhich maj he as imall as we 
please In ordei that K I may ha\e any value on i contour 
hoth p and J must vamih on that contour For if UBither 
vanish, p-q does not change sign it all, and k - I it, but 
If J only vamsh, p q can only change sign in passing through a> , 
and such changes are not to he reckoned as pirt of A or ? It 
p onlj ^anlsh, all the changes of sign are made when p q 
passes through 0, ind aie ill counted and if aU be counted, 
thei b must be is minj from + to - as from - to + ai K = 1 
X 7 To Rive vilue lo I -I there remims only the case 
in which p and q both lanish Now if smallei contours be 
described within those first taken, and smaller within those 
agam, and so on it must he at last (nhateiei it miy have 
been it flist) that only those contours which have radical 
points withm them, ha^e loth p and q vajiishing on them For 
suppose ne take one m which theie is no radical point, and 
subdivide it perpetually, and alwajs find interml ™.bdivisions, 
on the contours of which p and q change sign We maj pro- 
ceed m this way until the extienie vilues of x, thionghout and 
withm each contour differ as little as «e please, and also the 
extreme values of y That is, the values of % and y foi which p 
vanishes approach as nearly as we please to those tor which q 
i, withm the contour which ha^ no radnal pumt ■within 

" <p(,x I yv-1) i"''"V diminish without hmit within that 

u , which IS absuid 
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It is, then, to contours having tadital points withm them, 
and no others, that w& must look foi the possibility of ^ I 
having value. Let the iubdiviaions be ?o fat mcieased in number 
that no one poBseBses moie than one radiial point, single or 
multiple as the case mij be Consider one of them, containing 
a radical point P, to \shich s looti belong, and kt If be the 
symbol of OF. Let Q be a point on the contour, and Vt OQ 
be Z, and PQ, £. Then Z= //+ ii, and we have 

(pZ = <p(Ai-S) = 3IIi' + if:^*'- i- .. 
because 02 is divisible by (Z - H)', or (^ + M) by R\ 
We have then, 

0Z= mr' oos(,p + f.) h n^" cos((s + 1) ;> ^- .j + ... 
+ Imr' sin («,. + ^) + nr"' siii{(s + 1) p + .^ -] V-l> 

or y _ "» oa (*;> + M + "' ■ «'>s{( « + 1) f> + ■'} + - 
5 main(s/. + ^) +»»rcos{(s+ 1),. + i/j + ... ' 

Let the contour be made so small that the sign of this espres- 

t aff t d bj th t 1 p ds t 1 t 1 that of 

{p f) I thi whil th ti m t> 1 Z tr erses the 

t pas thi gh mt rv 1 f 2?- d ^ through 

Iti I hfth th t th nges sign 

1 m + t pa> ing thrghOtc* bttl spending 

hgfm t+ md ja-ngthigho. and mmt 

t h g dd H S. / and (1 = s. tl,e 

mb f t iuhtl dialpt] t 

S th th 1 £ (i. f th -wh 1 ontom is 

d p f th m t th 1 f 11 th t is ol the 

bdi bi SI lis anvthm except it 

t 1 1 p t Tvli t yi Id ts IS that 

p t p t ts tl th m t t d f 11 t ince 

N w h ipZ iZ -^BZ 

whence it foEows that, if (fsZ he p -t q -J-l, 

y _ «a" cos(»£ + a) -t b^-' cos{(« - 1) S + j3} + ■ . . 

Let the contour in question be a circle, with the origin for its 
centre, of radius Z so great in length as to contain all the 
radical points ( and further, let s then increase without limit. 
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The sign of p (/ is ultimattly alwija that of cot(nJ f a) wliicli 
aa tcfore, is shown to yield 2» changes fiom + to and no 
others in which j> pisses thiough 0, while % passes through 2?- 
Hence i 2ii, I 0, or i(k'-l)-n that is, e>ery integral 
expression ot the n* degree has neithei moie nor less than n 

Algebriicai paradoxes disappear under the application of our 
sijjmflcant bjmhols The equation 3^ = c( a;)' is satisfied in 
dependently of a;, by 1 = c ( 1)* Change x mto - x, which it 
seems ne may do since the equation is now identical, and we 
have ( r)i = c(irji Multiphcatiou gnes ^{-x)^ = ^^( j;)', 
or f" = I But - e' 1 

The explanation is as follows Let (a, |) be the symbol 
denoted by « m the aboie equation if it be leal, E is a mul 
tiple of JT, but this mitteis nothing Then x is {x, £ + ^t) 
vhere h is some odd numbtir According^ x being a positnc 
arithmetical sjmhol, wc haii. 

which is satisfied by 1 = c jO, — j. When we say, change x 

or (x, E) into - x, we may, if we like, take a different value of A, 
and then we have, Ti being also an odd number, 

(V.,-2-j-.|«, 2 )• 

which is satisfied by the same value of c as before. Multiply 
the equations together, and we have 

and It and V being odd numbers, h + A' is even, say %V. Un- 
doubtedly, then, 
one value of ^ x one value of (- xY 

= & [one value of {- xfi (one value of a^) ; 
but we are not now sure of any common factor by which to 
divide. And the double division is impossible. Let us make it 
possible with respect to {- xj', which must be done by taking 
'k and V both of the foUn 4m + 1, or both of the form 4»i + 3. 
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We have, then, the same form of (- x)^ on hoth sides. But 
then Zi + S' is in either case of the foiiii 4m j- 2, and therefore 
the division gives 



hl)-[ 



V«, J + (2» + l)' 



which is always satisfied bj c' - 1 

If the successive changes ol ''ifpi m a he made by one con 
tinuous method, say addition of it to the angle, then, staitnig 
with one particular form of a:i, say a, we pass sucL-eisivel) through 
a, aV-1. -"> -nV-1. «. ^c If ''y addition of-7r, then we 
proceed through a, - a-J-1, a, o-y 1, a, Lc And sunihrly 
for other roots. The remembnnee of thi. meaning? ot tht 
Bymhols will save rules; whateier an^h ne add to j;, we idd 
the m'li part of that angle to its m'i' root. 

The same difficulty occurs m treating the equations 



{-») = c<px, 0(— ) = ^'P^' &"■> 



all of which may he made to appear to require c'= 1, as above. 
But the first is satisfied hy 

0aT = a:™, if (- l)*" = c; 
and the second hy 

i.=(iog:.r, if(-ir=c. 

And the explanation is of the preceding kind in hoth eases. 

As long as a and 6 are unit-line symbols, and the length 
of 6 less than that of a, -^{a' - 6') is a unit-line symbol, as 
follows. Let OA and OB he a and 6 (the reader may supply 
the diagram), and take AC= OB on the hmit line. From 
draw a tangent to the circle having centre A and radius AC; 
let the point of contact he P, and take OQ on the positiTe 
part of the unit line = OF. Then OQ is + V(a' - *')■ But when 
6 is of greater length than u, -/(a" - V) is the symbol of a line 
on the axis of direction ; O is now within the circle, and if the 
circle cut the positive axis of direction m R OR is + -y (u' - V) 
All this ia evident fiom geometry; and nothing in the higher 
parts of modem geometry is more rtmarkable than Ihe con 
Btant connexion of the shortest asmi choid passing through t 
point mfhin a circle mth the length ot tha tangent driwn Iroui 
a point witltoat it. 
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The student may investigate for himself the difference of 
meaning of the following- theorem, 

(the second term having the sign of 6) in the cases in which 
<!' - 6' is positive, and those in which it is negative. 
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CHAPTER VIII. 

ON THE KOOTS OF UNITY , 

The roots of unity are really, when algebra is mode com- 
plete, of an inttrmediate character between the quantitatke 
symbols A, B, Sic, and the directire symbols + and -. They 

may be given absolutely to either elass of symbols. Thus (1)" 

is [ i , j , k being any positive or negative integer ; and thus 

we find (p. 132) that (1)^ is the unit of length inclined at any 
number of wth parts of a revolution. No question, then, that 

(1)" ia a perfect particular case of A". But if, considering + 
and - in their directive character, we had chosen* to designate 

by (+)^ the prefixed sign of a change of durection which would 
restore + A back to that form after n performances of Its opera- 
tion ; and by (-)" a sign of such change of direction as would 
change + A into - A after n such performances ; we might 

have established the laws of exponents over (+)" and (-)", and 
(•^yA and (r)"A would have had -f- A and - A for particular 
eases. But the i+)"A and (-)M of the second view are abso- 
lutely identical with (+ 1)» x A and {- 1)" x ^ of the first. 

The present chapter treats these roots of unity in a manner 
which is by no means uncommon,' and which in itself involves 

* The only point in which. I differ from the view taken by my 
deceased friend, the lat* D. F. Gregory, one of the most profound 
thinkers who has ever attended ta the subject, lies in (his, that 
he advocated either the necessity or the unavoidable expediency 
of the second view ; and I look upon the two as equally sound, 
and the choice as a question of convenience which is settled 
merely by usage. 
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& full half-leaning to the purely directive definition. The pro- 
perties of these roote are established on the definition and 
nothing else : no knowledge of the algebraical forms is de- 
manded, or established for use. The properties, for instance, 
of the forms of (If , their relations to one another, and to the 

forms of (1)" for values of >i other than 3, are quits independent 
of the fact (unknown, it may perfectly welt be) that their common 
forms are 1 and ^(1 + ^-3). Accordingly, the whole of this 
chapter might be translated into an algebra of directive signs, 
of which + and- are mere instances. Thus, that o is a directive 
sign which repeated ii times has the same meaning as +, might 
be expressed by o" = + ; = signifying identity of directive mean- 
ing. I first consider the roots of + 1. 

Lemma. If m and w be integers prime to one another, 
integers can be found, a and 6, such that mb - rui = ± 1. Turn 
m T n into a continued fraction, and let the approximation pre- 
ceding the final restoration be a - b. Then, bj the property of 
the buecessivc approximations, aib -na is either +1 or - 1, 

1. Every m"i root is an (mn)* root, m and n being any 
integers whatsoever. For if a" = 1, then (o"*)" = 1, or o"" = I. 
The first root 1^ or 1, is a root of every order. 

2. Every power of an m'^ root is an m"" root : for if n"" = 1, 
(a")'" = (a™)" = 1, so that »" is also an «if>> root. This holds 
whether n be positive or negative. 

3. If m and n he prime to one another, no m'li root (eicept 1) 
is an «'ii root. Find a and b so that mb - na = ± i; if then 
a" = 1, a" = 1, we must have {«"■)* ^ (a'f = 1 or a" = 1, or « = 1. 

4. If an mfl* root be an nih root, it is also a ft* root, where 
ft is the greatest common measure of m and n. Let m = ftm', 
n = kn', m' and m' being prime to one another. Let m'6-n'a=+l, 
then m6 - B« = + ft. Let « be both m* and «"» root; then a"*""" 
= ], as before, and a* = 1, or q' = 1. For instance, we see from 
(1) that the Stb roots are both 32na and 40Ui roots : we now see 
that the 8ii roots are the only ones which are both S2''i and 
40"i roots. 

5. There cannot be more than n n*^ roots. For a" - 1 is 
(x -a)lx - fi)...a, p being all the roots. As soon as n separate 
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roota are discovered, the product becomes of the m* degree, and 
is then identical with ce" - 1. And this product cannot vanish 
except for x = a, or /3, &o. Nor can any of these roots be equal, 
since na""' has no root except 0. 

6. If n be a prime nmnbcr, and a be one root (not 1), 
then 1, a, a', ... o""' ore n different roots. For if a = a', k and I 
be ng leas tha I we have a 1 but s greater than an I 
therefore prime to ft / (be g a p me unber ind pr me to 
all numbe-s exce[t t m Itipl s) and a ^ root nnot h 
a {I /)ai root. 

7 If I f p <ic he each p me to all tie est anl F 
a and a be t f o lifl re t h oots /3 a d ^ t\ o ^ roots Lc 
it s npoBsble that a/j ; a^j For tance tak 
tliee cla es of roots Then because a ani Die t root 
and n^Jy o /f-y t follows tl at /J ; ^7 and becau 

fi and ^ are 1> roots / 7* therefore / / s in ( n) 
root. B t /I" 'yi' 1 therefore 7 7 s a j t oot or ^ and 
1 n bemg p □ e to eich other j "j s both j ind in ( J 
root h ch cannot be 

8 If be not a 1 r me un hi 
p me fictors nd let T Q S 
root li ay Q^ loot 7 a y ^ to t S.c ^7 
root A d 11 tl e ^ oota can be tl us fou d and n 
First, («J37 ) o j3 / IS I 1 X 1 6U ce s a 
of P" and therefore " 1 6^ The efore ajij is m 
Neit (by 7) no t o such [ lod cts can g ve the aa ne 1 
s no P Q' Vc are pr me to eacl otJ er Th rdiy r n 
aie P^ P^a- roots Q Q''i' ro ts Lc the nnmbc of 
n.t ons of e o t of each set s J*(/ or j 11 en 
the ai etiee of ch pioducts give d flereat ii ooti 
the U' oofs ^nl no more 

Accordmglj the whole q 
d ced to thit of p me or 
the ^bOth t for n tun t 
5 •» roots are fo u d 



let P Q S tc be 
lien it a le a y P 



1 of fi d: g roots 1 as I eei 
n 1 po B oi i n e ordei 
fou d whence the 2 h i 



r e ■) der h s 



oots which belo ^ t 
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the roofs (elU except 1). If b be of the form P^, P being prime, 
any «"> root of a lower order than n must be (7) of the p^"'* 
order; for, P being prime, P' is the only form of common 
measure of P*" and lower numbers, k not exceeding p - 1. Hence 
there are P' - T"'' or P^"' (P - 1) of the P'"' roots which 
are of no lower kind. Nest, if n be P^Q'i?'... and if we take 
n^7.,, where a ia one of the P*'"' roots which are of no lower 
kind, &c. then afir-j... is an n^^ root of no lower order. For 
(ay37...)'" = l must give a" = 1, ^'"=1, &c.: if a" be not =1, 
a" = {^ri...)--, and a" being a P^a root, so is (/So/.. .)-"'. But 
this last is a (Q'^'...)"" root, and P^ and Q^M'... are prime 
to each other. Therefore a" = 1, &c. Now since a"' = 1, and 
o is a P'"', and no lower root, m has P"* among its factors; 
since /?" = 1, &c., m has Q* among its factors ; and so on. Hence 
m cannot be less than «, or P^Q^Jf.,.; whEe it is obvious that 
it may be n. 

Hence the number of n* roots which are of no lower order 
is J^-'C^-\..-x(P-l){Q-l)...: that is, (Arithmetic, p. 196) 
for every nmnber less than n and prime to it, {1 included) 
there is an n*^' root which is no lower root : and all the other 
«'li roots are lower roots. 

Let those ai^ roofs which are no lower roots, be called prin- 
cipal* n'h roots. I'hen there are 4 principal 12"i roots: for 
less than 12, and prime to it, wc have 1, 2, 7, II. 

Grant one principal root, and all above follows immediately. 
For if 1, a, a', . . .. a'"^ be all different, and if we select a», 
in which k is prime to n, then I, a', a^, o"^''* are all dif- 
ferent, and embrace the whole of the first aeries in a different 
order. For the succession 1, A, 2k, ... (n - 1)S with each term 
divided by n, gives the same remainder in no two cases 
(Arithmetic, p. 195), But if ffi = f n + r, o'* = a': and therefore, 
in the second series, we see nothing but the first series with 
its terms altered in order. Thus, if a be a piindpal 12*^1 root, 

* I would have said primitive nth roots, but Gauss has used 
this last word in coonesion, with Hie subject of roots. Moreover, 
It is not that these roots are primitive rih roots, so much as that 
' Rib' is tbe [nimitwe ordinal of these roots. 
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tte principal 12* roots are n, b°, o', a", and if we form the 
powers of ttese, dividing by a'^ whenever it occurs, we have 
the 12tJi roots, all of them, arranged in the following sequences ; — 



10. All the powers of an n* root are cyclical. Thus, if e 
he a principal root, we have cycle of n; for we have 1, a, ... 

a""', a" (= 1), n"^' (= a), But if " be not a principal root* 

the cycle is in nnmbcr sub-multiple of h. If, for instance, 
n being 12, o be a sixth root, we have o" =1, "' = ", «' = n', &c. 
The negative powers are only the same cycle repeatud back- 
wards i thus 11"' = a""', a"* = a"-*, &c. 

The most convenient way of considering the roots is by 
arranging them in reciprocal couples, or from the beginning 
and end of the cycle. Thus, a being a principal 12th root, 
we distribute the 12 roots into 1; a and "", or a and a~'; 
a' and "'", or a' and a' ; o' and n"'j e' and a' ; a" and <■■* ; and 
lastly, a*, not a° and a"*, for a*=a*, and each must be -1. 
The student must remember not to couple + 1 and - 1. 

The cycles of couples have a reverse order, both in the couples 
and in th«r suceessi<Hi. Thus the double cyoleB of 12^ roots ru» 
thus : 1, a and a', a' and n"*, a' and a"*, a* and a\ a" and a"', 
a' or -], «■" and a"', which ib a"* and a", o* and a.'', which la 
B"* and a^, &c. 

[Hitherto we have had nothing to distinguish one principal 
root from another. But when we consider the \alues of the roots 
(page 45) we see one pair of roots, both principal, and principal 
among principab. They are the ones which have the smallest 
aisles in the first revolution, positive and negative : namely, 

..,|+.i.J.v-i „d,o.p^).».p;).v-i, 

. , . 25r sin 27r , , 

contamcd m cos — ■ + — ■ — . V-1' 

■nicse are principal roots, for no power of (1, — j short of 
the n"' is an equivalent of (I, 0). But they a 
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from all other pimupal roots, in that ihL>, by their powers, 
ftimi'ih the simplent forms of ill the othei roota, mmely, with 
angles in the first half revolutions, pooitne and negative They 
ought to lie eaUed judical n'^ toots'] 

11 We show a mode of ioimmg all ihe 12'i' i Dots whenei ei 
we show a mode of piooeedmg liom nmnbei to number, m 
such manner th^t by casting out 12 whenever it aiises, we get 
the results 0, 1, 2, 11, in anj Older nhatevei Thus, 

beginning inth any numbci, and protecdmg bj idditions of 1, 
or 5, or 7, or 11, we obtdin all the succession 0, 1, 11, as 
in (0) Can we now do this by auceessne mulbpltcationsf 
Tiial wiU give reason to announce, in any case we mav take, 
tliat lea\mg' out (and consequentlj a' or 1), we can alwajs 
hnd a multipliei or multipLers which will succeed with a prime 
number ^tth 13, foi ins ance, the foHowing multipliers will 
succeed 2, C, 7 11 Tdlte anj numbei to begin with, say 4, 
choose 6 as a multvplici , tlirow out U as it aiwes, and we 
shall ha^e the succession 4, 11, I (j, 10, 8, 9, 2, 12, 7, 3, 5, 
(cjcle complete) 4, 11, 1, ic Begmnmg with 1, as most con- 
venient, we have loi the 13 13ti, roota of umt}, o, a', a", n', 
a', a', a", «■", it^, a'', a', a", whii-h, nith 1, complete the list. 
Of this cycle it is mimediately wen that if foi a we write any 
other, as a', the cycle is only made to hej^m m inothei place, 
and Its successions are umntevrupted. Thus a\ ("»/, (d')'", (u% 
&.0 , aie a', a', a", a, i,c That i', ne haie a method of arrang 
ing the loots m leeumng cycles such that the substitution of 
one root foi inothcr onl^ diatuibs the commencement ot the 
cjcle, ind not the oidei m which the loots octui I return 
to this subject again 

13 Everj function of the >t n"! loofi, or of any of them, 
which admits of btmg expanded m mtcger powers, positive or 
negatue, of theui all, is Jways leducible to the foini 

A^ + Afi + Ay + + ^^,o"-', 
a being a prmciptl root Foi when the espansion is made, so 

• That we must leave out us obvious enmgh after what we 
hive SLcn of it as a stirtmf; symbol of iddition a& opposed tJ 1, 
the stactmg nymbol of multiplication 
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lliat every teira is of tlie form o.^p'Y ■■■• "■' A 7' ■■■ l^eing 
n'l" roots, substitution of the values of j3, 7, .,. in terms of a 
will give a series of powers of a, whict is reduced to the pre- 
ceding form, since a"=l, «"*' = «, &c. Observe, I here speak 
of the form only: that form may not he fit for calculation, 
for A^, A,, &c., or some of them, may he divergent series. 

13. The sum of the n"i roots, the sum of the products of 
every two, of every three, &c., is 0: but the product of all is 
- 1 or -I- 1, according as n is even or odd. This follows from 
the structure of s:"-!, and the theory of equations, 

14. The sum of the m'^ powers of the n'li roots of unity 
is always 0, except where m is w or a multiple of it, positive 
or negative, and then it is n. For 



1" 



■ 1- 



If m be n, or a positive or negative multiple of it, the first 
side is obviously 1 4- 1 -h ... or B. In every other cose, b"" is 
not = 1 and n"" is = I : whence the sum of the terms is 0. 
Better thus, if it were not that proofs of unexpected simplicity 
are suspicious. Multiply (he sum by u'", it undei^es no altera- 
tion except transferring 1" from the beginning to the end. If 
the sum be S, we have then S=a"'S, or 5=0, unless «'" = !. 

15. Any symmetiical function of the n n'^i roots, otherwise 
real, is real ; for every such symmefrical function is a real func- 
tion of the sum, the products of every two, &o. 

16. If in any function of '^A, "^B, V C, &c., we multiply 
■JA separately by every m'li root, Vb by every mth root, &c., 
and introduce every combination of these values into the function, 
giving map ... functions in all. and multiply the resulting func- 
tions together, the product will he a rational function of A, B, C, 
&c. For example, -/x-i- -/;/■. 1 and -1 are the square roots 
of unity, let 1, n, a', he the cube roots. Then I say that 

Wx+Va) (-V^+v'!/) (-/x+«v'*/) (-V^+''^A) (V'^+^'V^) {-'JxW^/'/) 
is a rational function of x and y. 

A rational function of A is known by its presenting the 
same value, if for "/A be substituted in it « VA, " being any 
«"' root of unity. 
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If in the product preceding, which is a symmetrical ftinciion 

of "^ A, n.\'A, a""'Vjl, u being a pTindpal «"' root, we 

substitute J' ■•J A for ■J A, we have the same function of ^'•lA, 
R^^A, Stii....i^''''V A, or of the some quantities interchanged 
in order, which, as the function is symmetrical, makes no dif- 
ference. Hence the product is a real function of A ; and so 
of the rest. 

The product of the aix feetors in the example is y* - j^. 

17. If a, ft y, ... he all or s,ome of the «*•' roots, and if 
*(a. A y, ■■■) be a function of a, ft y, ... capable of expansion 
into A + Aa-i^ 'r A n""' ■ then 

*( ^ 7 )+*( ^ y )+ +*( r ) ^ 

Eeturm g to th d f rr g m t (1) w th t 

if d btn mb lllddbypl 

md ajd y qi dg'^ith ind ftl 

pdt thtf Iftlwtk uitl 

w gt 1 I 1 tl J t tb Itiil f y fak nly 

th m d with til w e t b j 

g and p d b f ally f m th m d f 

tb =apw i Thif wttkwtb 

m dw fth pwrs f divil 1 by II w h b t to 
f rm th 2 4 8 (16 j til) 10 ( j t 11) <) 

(18 jectll) 7 (I-i J til) 3 6 (1 | til) 1 4 8 
& Nwtisp d U tbtl-yf b tit 

f anj p m in b b t. k th ai mb 1 tb 

f wb h th p w rs m b di d d by j Id ell tb 

lps,bl maid bf y irTIit fth 

h lid Iw y t IS gb f purp 1 t truth 

many mbers (1 1 d d) ar 1 tl 1 p m t 1 

so many b 1 ss th tl f wb b th p w 

yldailmand bfre yec Tlus Ihg h m 

brs^( lo d te i 1 gl9 pnm 

mb w fl d tbat 18 hb b bl t, Ipm 

ttTh thSpt bdtfl'idth) 

G uas alia tbem pr oo f th t g b t 1 

term w uld cans fvis unl ssth algcab hht 

J tifi a w mtt d d 
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Let us consider the espression 




P = 


a" + «"''«) + «""V + + a™""^"'', 





m being a primilJTe subordinate of «. Remember that u;""'= 1, 
We see that change of a into a"' is here equivalent to multipK- 
cation by le ; change of a into a"^ to multiplication by ui* ; and 
so on. So that P°"' is not affected by writing any other root 
for H. Hence if -P""' be really constructed by multiplication, it 
will be found independent of n, or a function of la only; say Q, 
Hence P = •JQ can be expressed. Let the form of it em- 
ployed be called 0oi. Do this for eaoh root 1, w, w', ...ni""*, 
ui being a principal (b-I)'!' root; and let a^, o,, a^, ... be the 
successive n^i roots a™,... "We have then, taking the obvious 
equation nhen 1 is used for u.', 

0m = Oj + IV" ^ "a'"' + ^ "ti-i"""^) 

^i(o" = o, + d^'-t OjUj' t + a^jfti'''^, 

0ai^ = o,+ B,o."-' + as(o'l''-« + + o,^,(u^'*». 

From which, by the property iij (14), we find 
(w-l)o, = -l+ ^^i^ 0!"'+ + 0«;"-', 

(„ _ 1) Oj = - 1 + U."-'0(O -l- w'<*-'*01l'' + + H."^*M0^~-1^ 

(n - 1) a, = - 1 + <u'«0i« + m""-*0(u' + + ,ut«'P-s0ft.'", 

(m-1) (Vi^-l + ffi0iu + to'0a>' + + (u*'-»i0(u'^. 
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W 1 cnco it appears, ttat when n is i prime number, the «"> 
roots Lan be e\pie?se<l in terms of the (« - l)"" roots, and are 
therefore algebraically determinable when the latter aie so 

Writers on this subject giie methods of reduang the labour 
of the pieced ng hut as mj object* is to show the posnbiliii/ 
only nf hndjng the n^ roots when « is a piime numbei and 
the (n ly^ roots aie known, I shall content mjself ■with giving 
a,t length the determination of the ^flh roots being a pnme 
number -uid the iii- roots known One pnmitnc suburdinate of 
5 IS 2, and the succession is 2, 4 3 1 Hence a being i flfEh 
root othei than 1 and u ■% fourth loot, the fourth power of 
a + a'w + a'u.' + aiL^ la independent of a Now, remembenng 
that fu' = 1, (u° a., Lc , the square uf the pieeeding la 

and tlie square of this will be found, remembering that 

to be - 1 + 4«i + 14<u' - IBiu'. Let m,, ui„ uij, w,, be the fourth 
roots, and Qy &o. the values of the preceding. Then we have 

^/Q, = a' + "'(u, + -■'<",' + -I",', 
and similarly for the rest. K w,= V-1. '"= = -I> '"3 = -V-l, iu, = 1, 
we have Q, = - 15 + 20 -J-l, 0, = 25, O^ = - 15 - 20 ■/-!, Q, = 1. 
"We now jiroceed to discover which of the fourth roots is to 
be used; nothing being known except that we are to take the 
same form in all cases. "With no restriction, there are4x4>^4x4, 
or 256 different systems of equations. One form is determined 
by the question ; -/O, must be - 1 ; for a' + a' -I- a' + a = - 1 
Hence the form of Vl required is that of a principal fourth 
root moved through an odd number of right angles. Now in 
the case of o + i ■/-'i, each form of the fourth root has all the 
properties of a principal form ; for no one of these fourth 
roots is a square root And to a + 6 >J-1 and a -b V-3 cor- 
responding forms are such m p i- q -J-l and p- q V-1, sym- 



* The hint of this limitation of object is taken from the late 
Mr. Murphy's work on the Theory of Equations ; but I have not 
thought it necessary to enter, even so far as Mr. Murphy has done, 
into the methods of reduction.. 
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metncaUy dicposed mth lespi-ct to the a\is of length Take 
such a pan at pleasure and mo^e them in the sime direction 
thsough an odd number of light angles and we have a jau 
Buch as -p + q </ 1 and p ■¥ g \ 1 which aie *;) mmef ricallj dis 
posed with respect to the asi£ of dneebon and such is the 
pair which must 1 e chosen 

Now if we extract the fourth looti oi 1j + 20 1 h^ tl e 
formula 

we shall find them ■ill contained in 

±p ± q y-l, and (i j) + q -J-X) . -J-l, 
using like signs in the two tfrma for -15 + 20 -J-l, and unlike 
signs for - 15 - 20 y-l And }> Vi(5 + V3), 3 = VJ(5 ~ V^)- 
Choosing a pair sjmmetiical with respect to the axis of direc- 
tion, we form the loUowmg equations: 

-p + q V-1 = n' + o' V-1 - «' - a ■/-h 
- V6 = a' - a' + a' - o, 

i) + ? V-i = "' - «' V-1 - i' + V-1' 

- 1 = a" + a' + a' + a. 
Sum these as they stand, and then sum them, after multipli- 
cation by -V-I, -1, V-1. 1; -1, 1, -1, li V-l) -1. -V'-1> 1- 
We thus obtain 

q' = - i (V5 + 1) + ^ 3 V-1. "' = i (VS - 1) + il" V-i- 

a' = - iCVs + 1) - is V-i. « = i-(V5 * 1) - ip V-1, 

which are well-known values of the fifth roots. Changes of sign 
in p, or q, or both, have no other effect except different appor- 
tionment of the above expressions among the roots a, a", a', n'. 

The extraction of the square root of « + 6 -J-l is an operation 
to which Euclid's geometry is competent ; it requires only the 
bisection of an angle, and the determination of a mean propor- 
tional, to obtain (^'(0^ + b'), | tan"' ii-a) from {-/(a' + 6"), tan"' 6 -^ «}. 

Hence it follows that wherever n is a prime number, and 
B" 1 is a power of 2, the formation of the »* roots of unity is 
a geometrical* operation, in the ancient sense. Euclid mastered 

* This ia the discovery of Gauss, and is the most remarkable 
addition to the power of construction which the ancient geometry 
has received since t^e time of Euclid. 
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the cases ji = S, w = 5j Uie next one is m = 17, and the nest 
» = 237. 

The theory of the roots of - 1 is really contained in that of 
the roots of + 1, Since a^ = I is solved both by x;" = 1 and 
x" = ~ 1, it follows that all the n'^ roots of - 1 are among the 
Snt'' roots of -t- 1. If a be a principal 2n'li root of + 1, we must 
have «" = -1. a?" = - 1, &c., and the a litii roots of - 1 are seen 
in a, if, a!; ... a'"''. Speaking now of roots of -1 onli/, we have 
the following theorems, answering to some of those in page 148. 
The student may make a complete list of analogous theorems. 
Every m* root is an {m (2n + l)jii, root. Every odd power of 
an mf^ root ii an m'h root. If m and n he prime to one 
another, no irt* root (except - 1, if both be odd) is an m''' root: 
for a 2m* root of + 1 would then be a 2m* root, which can only 
happen as to a square root. 

If a be a principal 2B'h root of 1, it is a principal nOi root 
of - 1. For in that case n, rf, ... a'"~' are all different, and 
only h" is - 1. And there are no other principal «'li roots of 
-1. 

Let a be a principal n>^ root of - 1, or 2«* root of + 1. Then 
a, a% ... n"""' are all different ; multiply each by a, and b', a\... a*" 
arc all different. Nor can any one of the first set be the same 
as any one of the second : for if o'* = a"*', we have a" = a^l'-')^ 
or - 1 = + 1, which is absurd. Therefore there are as many 
principal «"' roots of- 1 as 2n<^^ roots of + 1, and no more. 

The sum of the S* powers of the k"i roots of - 1 is always 0, 
except where ft is a multiple of m. The series u' + a^'- + ... + at*'-')* 
is not altered, by multiplying by a^, except by removing the 
first term to the end : consequently it is except when a^ ~ 1, 
that is, except when ft is a multiple of n. If it be an even 
multiple, the sum is n ; if an odd multiple, it is - n. 

Among the uses which may be made of the roots of unity, 
the following are remarkable. 

An expression may be formed, which goes through recurring 
periods of changes while a; of which it is a function, takes suc- 
cessive integer values. Let n^ stand for (a* + |0''+ ) -r « 

o, p. Sic, being all the n"i roots of + 1. Then as x changes 
throughO, l,2,...n,n+l, &0., ^, changes through 1, 0,0.... 1,0,... 
Thus ai^ represents the x'>' payment of a tent of £a, which 



y Google 



ON THE ROOTS OF UNITY. 15J) 

is due only every fourth year, the year after next being a year 
of payment. This is 

I [c»(^ - 2) I J ™(2, - 4) ^ * co.(3^ - 6) ^ + co,(4i - 8) |} . 

the coefE-cient of the imaginary part always vani'^hing in a tnm 
of powere, 

mi. |(i + co,„-„=;-co.=f:). 

Again, <!„», + ra,nj.[ + a,^j_j+ ...+ a,^!^^^,^! represents an ex- 
pression whith takes the cycle of values a„. a„ .. n,^, as x 
passes through 0, 1, ... n-1; and repeats lie same while x 
changes through n, n + 1, ...2n-l: m that rpx = Or, when r 
is the remainder in the division of x by n. 

If n, be formed from the «'•' roots of- 1, the above repte&ents 
an expression in which the second cydo is formed by changing 
all the signs, the third by restoring them; and so on. 

If 03; be J, + A^j; + A^' + ... a finite or infinite series, the 
roots of unity enable us* to give a finite form to 

■^^ + ^«^ -f- ^m^-^' + 

First suppose mo/: for Jr write ax, a being one of the n'h 
, roots of 1, and multiply by n"""', forming a,"^<pax. Do the same for 
each root and add the results. The theorem on the sums of 
the powers of the roots then gives 

Divide by a;"', and write "/x for a:, and the required result is 
obtained. Ifm>n, say m=pn-^k(k<n); Rad. A/x'' + At^a^"'-\-... 
and subtract as many of the first terms as are requisite. 

K the n* roots of - 1 be used, we may in the same manner 
find A„-A^a:-i... 

For instance, let it be required tfl find 



l-i 



6.7.8.9 6.7. ..12.13 6.7:.".16.n 



• In ray Differential Calcwlus, I gave this as (to me) new, 
expressing a doubt that so apparently obvious a method should 
aever have struck any one. I have since found it given by Thomas 
Simpson, in the Philosophical Transactions, as read Nov. 18, 17oB. 
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Write X* for x, and multiply by a" f 1,2.3,4,5, and we have 
selected terms out of s', each fourth, one being taken, beginning 
at ic^ -^ 1.2,3,4.5. Begin at x, and we should obtain the whole 

i(P,^ + (- 1)3.-" + y-i)H"'-' + (-v-i)'.-^-'). 



L 4V ^ 2^3:' ^J 



' ■' ' 2V^' 

IS the value ot the required series 

In using this method it will be beit to take a p^r of oorre- 
spondmg root* of the form cose + sinGV-l- ^^^ '^"''^ out, 
m general term' that part of the 'um of the functions which 
snses from that pair Suppose for instance, 03i = (I + a)', and 
that A^'VA^^" y IS reqiiied m being < n. If 

a cose + smCv' 1, 
we hare 0{n*) = (1 ^xqo&9 + x sinfl.V-l)' 

Multiply this by a""" or by ii", then change the sign of 9, 
and add, and we have for the part of lii^'^ipax which depends 
on the two roots in cosS + sm9.V~li 

(1 t 2«o.O + •■)' . 2 „ |i 1..- j^|5l^ - »»} 
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CHAPTER IX. 



I VIEW OF ALGEBRAICAL SYMBOLS. 



It will be admitted that the yiew of the extended meanings 
ol A + S and Ax. S given in pages 118, 119, is a very natural, 
and even necessary, consequence of the separation of subject 
matter and operative direction in pages 115, 116; and that it makes 
the entrance of the extended subject-matter dictate the mode 
of sasigTiing significance to A + B and A a B. But the transition 
to A' appeals destitute of sufficient obligation to previous sug- 
gestion. This chapter, which i^ above most elementary student.'-, 
is intended to defend the mode of transition, and to show that 
the adverse judgment which may be given upon it is partly 
to be compared to the opinion which a beginner forms upon 
the law of a seiies when he has e^panded but one or two 
terms, and which he retracts when be sees those that follow ; 
and partly due to a failure of consistency in algebraic notation. 

la A + B and A x B \/s see convertible operations, and we 
take the hint to denote convertible operation by a symbol 
placed between the subjects: thus A^B, A'B, might denote 
other convertible operations performed with the instruments A, I!. 
Again, we see also a character of ascent, and a connexion : namt.1)'. 
the right of distribution of the higher operation over the ternn, 
or separate instruments, of the lower. Let us continue on this 
hint, and invent an operation which bears to ^ x .B the same 
relation &% A -^ B \a A 't B; and another jet again iibovt 
the last; and so on. Having symbols for the first two, «e 
keep them: and provide a notation indicative of the degrpc 
of ascent, just as we retwn the terms square and cuhe, .iiid 
then pass to third power, fourth power, &c. 

Let A"'B, A^B, A'B, indicate the successive steps of 
the ascent, so that our equations of definition are 

pa 
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A-^£ = S + A, Ax(_S + C) = iAxB) + (AxC)l + = A -i- 

A^S = SxA, A"'(B>'.G) = {A"'B}x{A'"C) 1x1 = 1 Ay. 

A'"B=B'"A, A"iE"'C)^(.A"B)'"(A"C) Qi"Q3=Q, A'"'. 

A"B=B''A, A' {B"C) = (A'- B)" {A' C) D,''0. = 0, A''\ 



Again, in A^-B and Ax B tie have initial symbol? and 1 ; 
of which it is the property, as ia + = 0, I>;1 = 1, that when 
no instrument except the initial symhol is used, nothing but 
the initial eymhol results. The equations of the second and 
third columns are formed by obvious extension. 

Now let uB denominate by the name of scalar function or 
ipcration the function which has this property, that its per- 
formance on the compound is equivalent to the next lower 
compound of its performance on the separate terms; so that. 
if \^,,„ he the symhol of the scalar function connecting A''''"B 
dnd A '"'B, we have 

\,^„„ (-1 '"'if) = (\,^, ,A) '"->(X,.,. ..-»). 

It might at flist he supposed that we could have different 
icalai functions at every transition but a moment's consideration 
will show that the perfect accordance of the different symbolic 
relationi Mould enable us to geneiahze the scalar system, so 
as to make aU its steps ahke if it should so happen that in . 
any one part of the system we found a scalar ftmction of a 
more general charactei than had theietofore appeared. The 
utmost lanetj that we can admit is that m one ascent one 
particulii case should he taken, and in another, another, of 
the most general foim which eu'ts 

Noi IS inj argument against (he above to be derived Irom 
the fact of the sequence of operations having a commencement; 
for there is in truth no conimencemenf The operation which 
precedes ^'S or ^ + .B is A°B, satisfying 



I parenthes 



And, understanding any sign -1 
braical sense, we have 

The initial symbols may be represented by Q„, Of 
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The system of operations is then interminable in both ditec- 
IJons. Let X be the symbol of the scalar fmicfion, aJid let x 
represent ifa inverse fimction; &o that \KA ='\,\A ^ A, for one 
TaJue at least. Suppose, in order to assimilate our system to 
that of algebra, that whateyer forms \A may have, \A has but 
one form: so that \\A is A, though X\.i may only have A 
for one of its forms. It would be best, aa in algebra, to con- 
struct a main system upon one form of \A, and to express the 
results of other forms of \A in terms of that system. In this 
trunk-system, we may consider \ and K as having each only 
one form; and all the direct operations as having- each only 
one form. It is now clear that if only one of the convertible 
operations be given, and the scalar function, all are ^iven; and 
that we have 

A <■•""£ = Y {\A "" £B), Q,„.u = xQ,, , 
for \(Xji'"'f2J = \KA = A; and this is .d"''"\0„, whence 
Q,„, = \Q„. 

The symbols of ordinary algebra, considering the various 
accidents by which they have attained fJieir positions, have 
great, but not perfect, consistency. "We have A-i B, A\ B, 
and the scalar function log-i ; the last derived immediately, by 
Napier, from the connexion of A -i- B and AB, and not in- 
directly* from the exponential iiinotion, which he knew nothing 
of. The exponential function is oat of the system, strictly speak- 
ing : for it will be found that the scale of operations having 
the indices (- ll), (- l), 0, I, ii, ni, iv, &c., is. in the ordi- 
nary language, \ being used for log., 

X'G'''' + £A X^Ce^' + A \(6"+e'), « + i, 

^(\« + X6) ora6, f(Vrt-i-X'6) or e^"'^' oro^* or 6^°. 

•Y'(\'a + X'i) orc'^'"''^'', &c. 

The initial symbols are X% X'O, \0, 0, 1, e, eS &c. 



• So that by gomg back to the soiurceo we find the logarithm 
first exhibited as the BOilir Imiction by Napier, its mventor, and 
tie frigonomstrieil system first appearmg as foaiided on ratios, m 
the wntmgs of Hheticus who first presented it complete. 
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Aecoidingly, in A", there is not scalar relation between A 
and B, but between \A and B. And the preceding is not 
merely justification, but even proof, of the necessity of making 
X(\AXB) the definition, of the next step to AB, and of making 
\{B\A) the definition of A", our symbolic departuie from 
X<?-AXS). 

The origin of A' k connected with a notion whic£ is daveloped 
in the following. Looking at and 1 not as the initnl sjmbols 
of two distinct operations, but as the initial symbol of in opeia 
tion ( [-) and the scalar step of its subject, let successive opeiitions, 
and ■^, be defined by the relation that 

■^(^ + l)-0(-f^, -B). 

That is, let the several definitions be derived from the solutions of 

rpiA-^- l) = 0A + S, which gives <pA = AB, 

4iiAil) Si>A >* i B' 

0(-4 + l) B'^ 4> 

This last gives a f n t on ot caj able of fu te p e a o 
under existing symbols though ^e may omn e ce 
01 02 B» 03 J?" ac 

It is neither o be expec el o Is red h any b te 
should be adopted for ^^ b t the mo e o m d a cu m 
itself to consider th as 1 fun t on rati e of lo„ i tha i A 
the better. 

Any two conveitible functions of x andy, 0(«, y) and Y'C^! y) 
being given, as two consecutive members of a scale, the follow- 
ing condition of distribution must be satisfied, 

V- (^. (y. ==)} = f^ (^' y)' t (^. ")}' 
and the scalar function must be determined from 

X being a functional symbol. 

Every solution of this system is a chance for the invention 
of an algebra, in which, <l>{x,y) being denoted by a + ?/ and 
■^{i, y) by xy, and \{\x, Xy) by a;^" or y , all the laws of 
ordinary algebra remain good. 

In double algebra, the scalar function, in its most general 

°'™' "' \B = (/« + »V-1) log r + (^ + i-V-l) ». 
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the condition X(c, 0) = log r, which ia necessary to the complete 
and unaltered inclusion of single algehra, gives m=I, n = 0. 

And it will he found on inquiry*, that the adoption of 
log J- + (^ 4- 1. V-l) e 
is of no effect whatever, except what would in common algebra 
be calbd Ihe choice of g"''"'''"'' instead of e''"' for a base of 
angular exponentials. 

If a moment's hesitation should arise on the retrograde symbols 
of the scale, the reader may fry the equation 

i + log (e= + e") ~ log (6'*» + e'*"^) 
When (wo successive operations hi\e the requiied distribu- 
tive character that charaotei necessardy attaches tu the next 
one, if formed from the scalar fiinct on Thus f ^ -B be de- 
fined as y (\A \S) we have 

A'"(S^C)-\{\A (XB^XO) \(\A \B-^\ixXC). 
But Px Q = \(X,P 4-XQ) or \(P-F Q) = xPxxQ; so that 
A"'{S X C) = \(\A \\S)x xV^ X ^C') = ^'"^ X ^"'<^, 
and so on for the rest. 

When the inverse scalar function is used, the regi'essive 
system has the same properties as the progressive one with 
the direct scalar function: for 

X(A'^"B) = XA"'\S. 
Hitherto I have said nothing of inverse operations. Let 
A^S be the inverse operation of A"B; so that A"B„B^A. 
And for A^ and A„B use A-B and A^B. If any one of 
the inverse signs follow the rule of signs (p. 103), so does the 
next That is, if for instance 0,„X^sm-^) 8^^^ ^s'A or A, 
we have O,,, (O.'M) = ii^'A = A. For 

X{A,^y"XB = X{A,^''B) = XA or X{A,^) = XA ,„XB, 
X{Q, „ (0,^)} = XQ,,A(Q,^) = "VQ,„,(XO^,>^) 

= 0„„ [Q^,,)^) = \A, by hypothesis, 

" The complete iiiveetigation will bo found in a paper " On 
the foundation of Algebra, Part ni." in vol. viii. of the Caiahridgn 
PhUosophicid Trtmsactians. 
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or Q,„(fl,^) is A. And conversely, if the rule of signs lie 
true for 0,,^ it is true for O^,^. 

An. algebra, similar to ours, requires but the following fun- 
daineatal basia. 

Two coMecutive operations, A -t £, A x B, convertible, so 
that A + £ = B + A and AxS = SxA, and having tie second 
distributive over the first as in {B+ C)xA = BxA + Cy. A. 

A scalar operation, \A, having the property 

\{AxS)^\A + X3. 

One starting symbol, 0, wholly ineffective in its own operation, 
so that 

+ = 0, 0-\-A = A, 

An inverse operation, seen inA-B, so that {A-B) + B = A; 
and giving - (0 - -^) = j1. 

Strictly speaking, one operation and its inverse, and the 
scalar function and its inverse, are sufSoitnt for expression 
thus \(Xji + X5) is sufficient to express AxB. And hence 
the whole system of scalar functions and starting symbols may 
be deduced. But the invention of iwo operations, Jolhwed by 
that of a scalar function, has been the order of discovery. 

The formation of a symbolic system on the seven operations 
of addition, subtraction, multiplication, division, involution, evo- 
lution, and formation of a logarithm, is both redundant and 
unsymmetiical : but the redundancy is rich in means of ex- 
pression, and the reduction to symmetry is easy to one practised 
in the language of algebra as it stands. This last will be best 
seen by assimilating the notation more closely to that of common 
algebra. Let 0, 0,, 0„, 0„,, &o., be thus defined; 

1 =e e' 0, = e'' ic oi - \ 

Let J e" « £' &.t 01 rtj \'n 

Let the piogiesaive ■'ymbols be -f + + &.c and \ y 

&c thus connected >- is + i^j f ^c Then the coiiertible 
and diistnbuti\e pioperties remanmg we have ill theorems of 
ordinaiy algebra holding good whe i an> one suffix is placed 
below 4- and all numci cil coefficient? Thui 

(« +„ V) x„ (o +„ 6) = a x> +,. 2„ x„ a x„ h +„ h x„h 



y Google 



SCALAR VIEW OF ALGEBRAICAL SYMBOLS, 
ans the foUowing in ordinary language. The first side 



l.ha second side is 

e 

whence tin. equation rauj be eisily verified Tliii ihipfei mij 
eer*e to show the necessity of connecting successive operations 
by the scalai or loganthmio opeiation, and the ease with which 
it may he done without an^ permanent disturbance of estahhshed 
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ENQLISK. 
Dr. R. G. Latham. The English Lanijuage. 

Latham's Elementary English Grammar, for the Use of 



Latham's Logic in its Application to Language. 

ISmo. 6s. dolh. 

Latham's Elements of English Grammar, for the Use of 



Abbott's New English Spelling Book ; designed to Teach 

OnbMfrapliy aua OithoEpy, with n Crilical AnaljMa of th« Language, Hiid a 
llmo. Gl. 

^Abbott's First English Reader. 

Thim Eawion. 1 Brno., Willi UlmlMaons. Is. ololii, limp. 

* Abbott's Second English Reader. 

Newman's Collection of Poetry for the Practice of Elocu- 

tlan. Made tor lie Use of UioLadios'CoUege.Bearora Square. Fcap.870. 25.64. 

Scotfs Suggestions on Female Edvxiation. Two Intro- 



Greenwood's Greek Grammar, including Accidence, Irre- 

Kolar Verba, ana Principles at Derivation ana Compoaitlon 1 adapted to the 
System of Cmde Forms. Small Svo. 6b. Gd. clolh. 

Kiihner's New Greek Delectus ; being Sentences for Trans- 

IMaa from Greek into English, and English Into Qreek ; nii-an^ in a systematle 
Progi'esslon. Trenalated and Edited by the lata Da. AtESANDEitAiiEN. Fourth 
Edition, revlwd. ISmo. 4s. doth. 
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Gillespie's Greek Testament Roots, in a Selection of 

Tens, giving Uis power ot reading the whnle Greek Teslameni witliont fflfflculty. 
with English DerlTaUvea. CrowuSvo. 7s.6d.cloth. 

Robson's Constructive Exercises for Teaching the Elements 

of the Qreeh Lsn^usE^e, en i Byslem ef AnalyskB uid Synthesis, witji Gi^ek Keati- 
ing Ledsoua and copious Vocabul^ioa. ISmo,, pp. 40B, 7s. 64. cloth. 

Robson's First Greek Book. Exercises and Reading Lessons 

ExerciseB," l^uio. Bs. 6il. cloth. 



Greek Authors. Selected for the Use of Schools con- 

t»1nln£ poRloES of Likud's I)ljiloi;ae9, Anacreon Homers I iafl Xeuophun's 



Tayler's Inlroductio. 

iimo. Wtd. 
^schylus. Prometheus. Wellauer's 7'eatt. 

By George Lose, A.M. Feap. STO. Is. Oi. Eewed. 

tATIN. 

New Latin Reading Book ; consisting of Skuit Sentence", 

Eaay Naviatloii?, and DascripUrais, aelMted ft™i Caeaar'e GallkWar airaised 
in Syalematlc Progress™. With 8 Dletloaary. Second Edit on reylsefl 12ino 
la. 6i. cloth. 

The London Latin Grammar ; including the Eton Sijntaa! 

imd Prosody in English, accumpajiled with Kofes. Sixteenth Edlttun Tc^ Hvo 
iB.M.doai. 

ffall's Principal Roots of the Latin Language, simplified 

by lb Display of tholT Incorporation into the English Tongue. Sixth Editiou- 

Allen's New Latin Delectus ; being Sentences for Transla- 

tioa from Latin hilii English, and ^igliali Into Latin ; arranged in a ayatemaUo 
ProgreBloa. Third Edition, rertsed. 12mo. (s. tloth. 
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Robson's Constructive Latin Exercises, for teaching the 

Elements of the laugiuse on a System of Aiwly^s aud Synthesis : ivilh Latin 
EeaOing Lese'iiia and Copious Vocabularies, TliLtd anQ Cheaper Edition, tlio- 



Smith's Tacitus ; Germania, Agricola, and First Booh of 

Greek and Koman Antiquities, eto. 'ililrd EdlUon, revlaed and greBtlr iuifi-ovcd. 

Hodgson's (late Provost of Eton) Mythology for Versifica- 

tion ; or a In'ief Sheteti of tbe Fatplea of the Ani^ents, prepared to be ^^n^ered 
Into lailln VeiM, and desiiroed for tlie Uaa of Classlc&l Sclioola, Eifih Eflition. 



Hodgson's Select Portions of Sacred History, 

12mn. Ss. Oa. cloth. Ket to J>Hto, royal Bvo. IDs. 6d. cloth. 

Hodgson's Sacred Lyrics, or. Extracts from the Prophetical 

prhioipal Melies of Horace. ISino. 6s. 6d. cIoUi. Kei to ditto, Svo. l2a.clotli. 

Caesar's Helvetic War. In Latin and English, Interlinear, 

wiUithBOiisinsiTeitattiiBEna. ISmo. 28. cloUi. 

Caesar's BeUum Britannicum. The Sentences without 

Points. 13nio. 39. clotli. 

Cicero — Pro Lege Manilia, \2mo. Is. sewed. 

Table of Reference to Cicero's Letters, in one Chi-onological 



Hurwits's Grammar of the Hebrew Lnnguage. Fourth 

EdIHon. 8vo. IBs.cloth. Or in Tivo Paris, sold sepniaJely !—Ei.EUEH-ts. ia.bi. 
cloUi. ErlJioLoar anil SisTix. 9;. clotli. 



PKENCH- 

Merlet's French Grammar. By P.F. Merlei, Professor of 

Freddi In Dniver^ty College, London. How Bflition. ISmo. 65. 6d. hnii— 



Merlet's Le Traducteur ; Selections, Historical, Dramatic, 

gnaga; accompanied by ExplaJifltoiy Notea, a SeiecUon of Idioms, etc. Four* 
tccnih Ediilim. 1£ino. oa. lid. bound. 

Merlet's Ewercises on French Composition 



of 



Esplant 
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Ma-let's Stories from French ff^riters ; in French and 

English Inlerlinear (from MerlBt's"TrBdoctenr"). Second EdlUon. 12CQ0. 2s.cl. 

Lombard De Luc's Classigwes Frangais, & I'Usage de la 

JeunoEBe ProleatBiile i or, Selections from the beat Froncli ClassigBl Works, pre- 

GEEJIAN. 
Hiritch. The Return of Ulysses. With a short Grammar 



INTEELINEAS TEANSLATIONS. 
Locke's System of Classical Instruction. Interlinear 



I. Phacdraa's FsMea of .Eaop. 
1. Vii^'a«neld. Bonltl. 
3. Fsrslng Lessons to Vlr^. 






HISTORY, MYTHOLOGY, AND ANTIQUITIES. 
Creasy's {Professor) History of England. With lUustra- 

trations, I ™l. small 8vo. Unitotm •nOh Schmiti's "Hlatoty of Eome." and 
Smltli's " History of GreMa." [Prfparing. 

Schmits's History of Home, from the Earliest Times to the 



Smith's History of Greece, from the Earliest Times to the 

Roman Conquear. With Supplementary Chapters on the Hlbtorj' of Llteratnre 
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Smith's Dictionary of Greek and Roman Antiquities. By 

™rli)U8 Writers. SeoHid Edition, Illustraled by Several Himdi'ed EugtHvUiii) 
un Wood, One Ihlok volume, inedium Svo. £'i 2s. elotii. 

Smith's Smaller Dictionary of Greek and Roman Antigui- 



Smilh's Dictionary of Greek and Roman Bioffraphy and 

Mydiologj. By rflrlotis Writers. Medium Svo, IllusU'ated by nntnnrous i;ii. 
gravlnp on Wood. Complete )u Ttiiee Volumes. 9vo. 49 ISa. 6d. clotl^. 

Smith's New Classical Dictionary of Biography, Mytholoi/y, 

and Geoeraphj. PartJj' Iwaed on the " Dictionary of Greet and Boman Biosrajiliy 
Slid Mjtholo67." ThiiTl Edition. TMIlluslraiions, Svo. ISs-clotli. 



Batkwst (Rev. W. H.) The Georyics of Viryil. Trons- 
Akerman's Numismatic Manual; or, Guide to the Collec- 

Fosters (Professor) Elements of Jurisprudence. 



BIBLICAL ILLUSTEATION. 

Gouffh's New Testament Quotations, Collated with the 
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De MorgarCs Trigonometry and Double Algehra. 

ie Morgan's 

of Works flittw 

* Etlenherger's Course of- Arithmetic, as taught in the Pes- 
Mason's First Book of Enclid Erplatned to Beginners 

Fcap. aro. IS.M. 

Reiner's Lessons on Form; or, An Introduction to Geu- 



^ Reiner's Lessons on Number, as given in a Pestalozztan 

The SoholBfB Priixi^lSino. 2s. bound' 



= TiAles of 1 



Four Figure Logarithms and Anti-Logarithms. On 
Barlow's Tables of Squares, Cubes, Square Roots, Cube 

Roots, ana Keoiprocals of aU Integer Numbers, np to 10,000, Slereotype EdlC- ■ 
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MIXED MATHEMATICS. 

* Potter's Elementary Treatise on Mechanics, for the Use 
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Natural Philosophy Id University College, London, Third Edition, flvo,, with 

Pottei-'s Elementary Treatise on Optics. Part L Con- 
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Potters Physical Optics; or, the Nature and Properties of 

Light. A De^criptire and Eip^'Imcntal Treatise. 100 lUnslraUona. Svo. Ga. ei. 

* Newth's Elements of Mechanics, including Hydrostatics, 

wiUi nnuierous Biomples, By SijinEt JJewih, M,A., Fellow of Uniyet^ Col- 

*Newth's First Book of Natural Philosophy ; or an Tntro- 
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ens Examples. ISino. 3s. 6d. cloth. 

Kimber's Mathematical Course for the University of 
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Lardner's Museum of Science and Art. Complete i 
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mMivlgation. 
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Loeom tl'e. 

La dier's Animal Physics, or the Body and ils Functions, 
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* Lardner's 


Hand-Book of Mechanics. 

ons. lTOl.,smfl)I3yo., 53. 




* Lardner's 
Heat. 293 r 


Hand-Book of Hydrostatics 


Pneumatics, and 


* Lardner's 


Hand-Book of Optics. 

ons. iTol., small avo., 6s. 




* Lardner's 

Aconstics. 


Hand-Book of Electricity, 

95Il!ii3trationa. 1 vol., smsll 8yo. Ss. 


Magnetism, and 


* Lardner's 

forming a cD 


Hand-Book of Asti-onomy 

mpanlM wort to the '■ Hand-Book of Natn 


and Meteorology, 

alPhilosuph,." 37 Plates, 
5a., doth lettered. 


* Lardner's Natural Philosophy for Schools. 


* Pictorial Illustrations of Science and Art. With Ete- 
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Popular Astronomy. Containing: How to 
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